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I 


More than eighty-two years have passed since the day of Langley’s 
birth, 22nd January, 1851. His grandfather, Edward Langley, 
surgeon, died at the age of ninety-five, falling short in years of his 
parents who had lived for ninety-three and one hundred and five 
years respectively. The surgeon had three sons, the eldest, John 
Gace Langley, being the father of E.M. The second son lived to be 
ninety and his son G. E. has already seen ninety-three years. Hence 
Buckden in Huntingdonshire, where E. M. spent his early childhood, 
can at least boast of longevity. 

On the removal of the family to Bedford, E. M., at the age of 
‘twelve, was entered at the Commercial School, now called the 
Bedford Modern School. Having returned there as a master his 
connection with it extended over fifty-six years. After taking his 
B.A. degree (London) as an external student he won a scholarship 
at Trinity and was placed eleventh Wrangler in 1878, Hobson and 
Steggall being Senior and second respectively. 

In 1874, to the great joy of his aunts, who had contributed 
liberally to the cost of his education, he made the acquaintance 
of his cousin Clara Maples of Hedon, near Hull. Their married 
life lasting till 1916 was, for his six children and himself, one of 
continuous felicity, raising his ideal of the possibilities of human 
nature. 

As a boy he loved quiet and solitude so as to exercise undisturbed 
the constructive ability which marked the rest of his life. If a sub- 
stitute for a necessary tool had to be provided it was always in the 
form of a triangle, and throughout life “ triangles ” were much in 
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evidence. Recreations at Bedford such as boating, football and 
singlestick were exchanged in Huntingdonshire for tramps with a 
gun and a retriever. His love for the countryside was evinced by a 
fine collection of wild birds, for which during his closing years he 
expressed deep regret—the destruction of living things being re- 
placed by a desire for their protection. His garden was always 
furnished with a bird-table, a bird-bath and perches, being so 
placed that the habits of his feathered guests could be observed from 
his window. As far as possible he catered for their tastes—teasles 
being cultivated specially to attract goldfinches. 

On taking his country walks he was generally to be seen provided 
with a large green tin case slung over his shoulders. From early 
years he was a keen botanist and ultimately became an authority 
on hybridisation, particularly of blackberries. The well-known 
cultivated blackberry “ Edward Langley ” was so named in acknow- 
ledgment of his researches. Another branch of botany specially 
attractive to him was that of Fungi, the more succulent and edible 
varieties frequently enriching the family diet. 

No account of his activities would be complete without reference 
to his great love of languages, particularly English, French and 
German. At the age of seventy, being unsatisfied with these and a 
working knowledge of Dutch and Italian, he took up the study of 
Spanish. 

As far as knowledge was concerned he believed in Free Trade, 
“like wealthy men who care not how they give” and, though 
somewhat combative and provocative in conversation, he was 
always ready to impart his information. He was always willing to 
explain and exhibit his geometrical models or to lecture on mathe- 
matical, botanical or other subjects to the W. E. A. and other 
similar bodies. 

The wide extent of his intellectual interests, his helpfulness and 
patience, and his kindness of feeling towards mankind and towards 
animal life will keep alive affectionate and grateful reminiscences 
in the minds of his many friends and of his pupils scattered over the 
world. J.P. K 


Il. 


At the editor’s request, I shall try to give some conception of the 
late E. M. Langley’s extraordinary powers as a teacher of mathe- 
matics, as they appeared to one of his pupils thirty-odd years ago. 
Every detail of his vigorous, magnetic personality is as vivid to-day 
as it was on the afternoon I first saw him, thirty-five years ago, when 
I had my first lesson from him, as a new boy in the Upper Fifth at 
what was then the Bedford Modern School. 

The class was in algebra. Almost before he had entered the room, 
the powerfully built man with the auburn beard had begun. It must 
have been evident even to those who had no particular liking for 
mathematics that they were listening to a mathematician. To those 
whose previous training in mathematics had been at the hands of 
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classical scholars, the lesson was a revelation. Since then I have 
listened to many lectures by other mathematicians, some of them 
famous, but I have yet to hear a mathematical subject presented 
with the force, the conviction, the clarity and the all-sufficient 
brevity which characterized Mr. Langley’s expositions. 

Looking back, I believe a large part of Mr. Langley’s brilliant 
success as a teacher was due to his complete mastery of what he 
taught. His mind was as powerful as his body, and his intellect as 
straightforward as his character. It was impossible for him to 
deceive himself as to the validity of a proof. An assertion was either 
proved or it was not, and Mr. Langley never descended to the shabby 
trick of passing off as proof a tissue of hidden assumptions which 
might easily but falsely convince immature minds and, possibly, 
satisfy a professional examiner. If a chain of reasoning rested on 
demonstrable assumptions beyond the complete comprehension of 
the class, he said so, emphatically. Later on, a closer approach to 
the central subtlety would be made, and sometimes the difficulty 
would be disposed of for good. But no student of Mr. Langley’s 
with normal intelligence ever left him with the delusion that some- 
thing had been proved when it had not. 

Other aspects of Mr. Langley’s complete mastery of what he 
taught came out in the private lessons which I began taking from 
him after the first year. These continued for about two years, and 
were occasionally shared with another pupil. As I was not preparing 
for any examination, Mr. Langley let himself go. At the time he was 
reading proofsheets of a book (by one of the Taylors, I think) on 
geometrical conics, and his amazing skill in pure geometry found a 
free outlet in devising concise proofs for the theorems and the multi- 
tude of exercises, many of them of exasperating difficulty. His own 
first efforts seldom satisfied him ; if he had given a proof in six 
steps, he was not content till he got it down to five or less. From his 
pupils he demanded the same striving after finish—when they were 
not cramming for competitive examinations. One part only of his 
beloved conics failed to rouse his energetic enthusiasm : he always 
referred to the dreary stretch on the asymptotes of a hyperbola as 
“the desert of dining room tables ”’, and heaved a sigh of thankful- 
ness when he had dutifully passed through the wilderness of un- 
exciting propositions. 

Analytical geometry, not a special favourite with Mr. Langley, he 
taught like a master. Cumbersome masses of uncouth algebra were 
shoved aside by a stroke of the pen, and he insisted upon an illumi- 
nating solution or none. Some of the more spectacular higher plane 
curves with interesting properties gave him more pleasure than even 
the conics, for a time, and he once expressed the regret that his heavy 
teaching made it impossible for him to make a thorough synthetic 
study of their behaviour. 

In his teaching of the calculus Mr. Langley’s uncompromising 
intellectual integrity was obvious at every step. His method was 
first to impart technical facility in the formal parts and their usual 
applications, which he did with superb skill, and then, the formalities 
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mastered, to go back to the fundamental definitions and proofs and 


ick them to pieces mercilessly. He used a text-book—one of the 
best of its day by a well-known writer—only as a source of problems 
and as a basis for critical discussion of the alleged proofs. Some of 
his strictures on what was presented as proof would no doubt have 
been thought a trifle meticulous or metaphysical in those good old 
days of slapdash reasoning ; to-day most of the reputable texts are 
about up to Mr. Langley’s standard. In particular I remember the 
scorn with which he showed up the circularity in the purported proof 
by Taylor’s theorem of the binomial expansion, and his remark that 
Abel had given a proof which, he believed, was not nonsense. It 
seems incredible that a man whose teaching duties would have 
absorbed all the energy of a strong man, could have kept his vigorous 
freshness of outlook and his high technical skill undimmed well past 
middle age. 

In the classroom Mr. Langley’s method did not differ markedly 
from that of any other fine teacher. It was his enthusiasm, his 
vitality, and his perfect mastery of what he taught that made him 
the conspicuous success he was. Even those who disliked mathe. 
matics were forced into attention by the dynamic personality of the 
man and, in spite of themselves, learned something. His explana- 
tions were always brief. No sooner was a principle explained than 
it was put into practice, and the efforts of the pupils were taken up 
to his desk for criticism before they cooled. It was somewhat like 
coaching on a wholesale scale. There never was any question of 
discipline ; Mr. Langley never blustered or threatened. His talent 
for keeping everybody busy made discipline superfluous. In private 
lessons, he gave prospective pupils one disciplinary instruction, and 
it was sufficient. An unprepared assignment, except for reasons of 
health or accident, was automatically to sever relations between 
master and pupil. In private instruction he “ made haste slowly ” 
at first, insisting that the pupil find his own way, even if it took 
week. Then, when the pupil had begun to acquire the habit of 
independent thinking, Mr. Langley would rapidly outline the next 
topic, usually in writing, and give the pupil two or three days to 
complete a rather heavy assignment on it. He demanded clear ex- 

ression, and practically all the work was written out in final form 
fore being shown to him for criticism and correction. 

One memory which all of Mr. Langley’s pupils will retain is that 
of his quick wit and his thoroughly English sense of humour. He 
was one of the few men I have known who could make a really funny 
remark about a mathematical difficulty. His humour was always 
spontaneous. 

My personal debt to Mr. Langley’s teaching is very great. The 
first contact with a mind that knows the difference between proof 
and plausibility is a memorable event in the life of any student of 
mathematics. Two of the subjects to which I have given consider- 
able study since eres Mr. Langley’s guidance more than thirty 
years ago were first studied under his direction. Mr. Langley, as is 
well known, had a rare gift for computation ; but it is not so well 
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known that he admired the theory of numbers. Seeing my distaste for 
geometry, he suggested that I should have a look at the beginnings of 
the theory of numbers, which I did under his expert guidance. One 
detail of this remains : by an ingenious use of Wilson’s theorem, Mr. 
Langley gave a very elegant determination of the quadratic character 
of 2. The other subject was elliptic functions, in which he gave me 
no formal instruction, but awakened my interest by showing how 
some rather abstruse identities concerning homogeneous products 
followed at once from elliptic identities. is had come up, in some 
way which I cannot recall, in connection with a theorem due to 
Clifford, for whom Mr. Langley had a limitless admiration as a 
geometer. In the years since leaving Mr. Langley, I have often 
thought it a tragedy that a man of his splendid talents was forced 
by circumstances to devote the major part of his time and me to 
elementary teaching. What he sacrificed his pupils have gal : 
E. T. Bex. 
The California Institute of Technology, 
Pasadena, California. 











GLEANINGS FAR AND NEAR. 


933. Why the excitement of intellectual activity pleases, is not here the 
question ; but that it does so is a general and cabeunietenh law of the human 

i We grow attached to the mathematics only from finding out their 
truth; and their utility chiefly consists (at present) in the contemplative 
pleasure they afford to the student. Lines, points, angles, squares, and circles 
are not interesting in themselves; they become so by the power of mind 
exerted in comprehending their properties and relations—W. Hazlitt, On 
Imitation. 

934. The power of attaching an interest to the most trifling or painful 
pursuits, in which our whole attention and faculties are engaged, is one of the 
greatest happinesses of our nature. The common soldier mounts the breach 
with joy ; the miser deliberately starves himself to death ; the mathematician 
sets about extracting the cube-root with a feeling of enthusiasm ; and the 
lawyer sheds tears of admiration over “ Coke upon Littleton”.... He who 
is not in some measure a pedant, though he may be a wise, cannot be a very 
happy man.—W. Hazlitt, On Pedantry. 


935. The scientific attainments of the educated class in the Byzantine 
empire were unquestionably very considerable. Many were invited to the 
court of the Caliph Almamun, and contributed far more than his own subjects 
to the reputation that sovereign has deservedly gained in the history of 
science. The accurate measurement of the earth’s orbit in his time seems to 
show that astronomical and mathematical knowledge had at no previous 
period attained a greater height ; and if the Byzantine authorities are to be 
credited, one of their learned men, Leo the Mathematician, who was after- 
wards archbishop of Thessalonica, was invited to the court of the caliph, 

use he was universally recognised to be superior to all the scientific men 
at Bagdad in mathematical and mechanical knowledge.—G. Finlay, History of 
the Byzantine Empire, Book I, ch. iv, sect. 2. 
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THE TREATMENT OF ELEMENTARY GEOMETRY 
BY A GROUP-CALCULUS. 


By G. THOMSEN. 


THERE is no need to recommend to teachers in this country, familiar 
with Dobbs’ School Course and with later books of the same tendency, 
the free use of the ideas of displacement, rotation, and reflection. 
the course of a paper read at the Ziirich Congress last year, Prof. 
Thomsen, of Rostock, gave some striking examples of the effective 
introduction of the language and notation of the theory of groups into 
work of this kind, and afterwards he agreed willingly to contribute to 
the Gazette an article on the subject. For applications to their own 
problems we must refer readers elsewhere*, since Prof. Thomsen has 
paid them the compliment of explaining a point of view that would be 
uite unsuitable in the school. To some of our readers we must apologise 
or replacing the original article by a translation, but since there are no 
familiar symbols or recognisable formulae to facilitate the grasping of a 
novel theory, we think that a substantial minority will be grateful for 


this assistance. In making his version, Prof. Neville has taken one or 


two liberties with the author’s notation. 


In the following article the analytical geometry of Descartes is 
replaced by another method of dealing with elementary metrical 
geometry. This method does not depend on the concept of number 
and the laws of algebra, but is based only on the concept of a group 
and deals with elementary geometry by means of a pure group- 


calculust. 


§1. The group of congruent transformations in the euclidean 
plane falls into the two divisions of direct congruences or displace- 
ments and mirrored congruences or reversals. For particular 
assumptions regarding congruent transformations the notation of 
the theory of groups is almost instinctive. The transformation 
which is the result of applying the two transformations c4, B in 
succession is denoted as a product Be4. If the same transformation 
results from applying in succession the transformations C, D, we 
write DC =Bc4. If ‘Dis known, we can determine C from this group 
relation, by “ multiplying on the left’’ by the transformation D+ 
which is the inverse of D; we have simply C=D-!Be4. Again, in 
any group relation we can always bring all the terms to one side, 
leaving on the other side nothing but identity, which may be 
denoted{ by 1; in our example, C-*D-'Bc4 =1. 

Among congruent transformations, those which are involutions 
are of special importance. An involutionary transformation is one 
which coincides with its inverse (e4-!=c4). A geometrical trans- 


* G. Thomsen, “‘ Uber einen neuen Zweig geometrischer Axiomatik und eine neue 
Art von analytischer Geometrie, ’’ Math. Zeitschrift, 34, pp. 668-720 (1932). See 
further: G. Thomsen, ‘‘Grun m der Elementargeometrie”, Hamburger 
mathematische Einzelschriften, 15 (Teubner, 1933). 

t The ry elements of this calculus are set out in the paper to which 
reference has already been made. 


t In the theory of groups, identity is usually denoted by the letter EZ, reserved 
for the purpose. 
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formation is involutionary if the result of applying it twice in suc- 
cession to an arbitrary figure is to reproduce the original figure 
(eA? =1). It is well known that the only congruent involutions other 
than mere identity are reflections in points and reflections in lines. 
Reflection in a point or a line will be denoted by the same symbol 
as the point or line itself. 

A succession of reflections which results in identity we call a 
circuit of reflections. Thus to say that 7'dSRcba is a circuit means 
that after seven reflections, in the four given lines a, b, c, d and the 
three given points R, S, 7’, taken in the order indicated, that is, in 
the reverse of the written order, any figure is found in its original 
position. 

Calculation with circuits of reflections is much simplified by the 
fact that there is no need to attach the negative exponent —1 to an 
inverse element in the process of solution. For example, sup 
that for six point-reflections P, Q, R, 8, 7, V, the successions PQRS, 
RSTV both result in identity. From the first circuit, on multipli- 
cation first by P and then by Q, it follows, since P? =Q* =1, that 
RS =QP, and substituting in the second succession we find that 

If PQRS and RSTV are both circuits, so also is QPTV. 

The following rules evidently hold for any circuit : 


(1) Any number of reflections may be moved from the beginning 
to the end of the circuit: for example, if RebQPa=1, then also 
QPaRcb =1. 

(2) The order may be reversed: if RcebQPa=1, then also 
aPQbcR =1. 

In a phrase, the circuit property concerns only the cyclic order of the 
reflections. 

If we use such natural abbreviations as (QPba)? for QPbaQPba 
and (cba)® for cbacbacba, the letters inside the brackets may also be 
rearranged according to the rules just given: if (QPba)* and (cba)® 
are circuits, so are (baQP)? and (abc). 

We have one further addition to make to our notation. If a 
succession of reflections QPba is already a circuit, so also is the 
succession (QPba)" formed by any number of repetitions of QPba. 
But the converse is of course not true: (QPba)" =1 does not imply 
QPba =1, and in the simplest case, a proper involution is precisely 
a transformation ¢/, such that c4? =1 whilece4 +1. If (QPba)" =1is 
assumed not to be a consequence, trivial as it would be, of any simpler 
relation (QPba)™ =1 in which m is a factor of n, we speak o: (QPba)" 
as @ primitive circuit, or more briefly as a cycle, of order n, and we 
write* QPba«Q,. Thus QPbaeQ, means that (QPba)*=1, 
while QPba +1: the succession of reflections taken twice restores 
every figure to its original position, but taken once only is a genuine 
transformation of the plane. 


* In the theory of equations w, is commonly used to denote a primitive root of 
2"=1, that is, a root which is not a root of a similar equation of lower degree. Two 
cycles of the same order are not necessarily identical, and therefore we use the 
logical symbol of inclusion, e, rather than a symbol of equality, which might prove 
misleading. 
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If three congruent transformations <4, B, C are such that 
C=B"'cA4AB, 


then C is called, in the usual terminology of the theory of groups, 
the transform of -4 by B. Geometrically we obtain C by transforming 
the one transformation by means of the other, that is, by combining 
with B the correspondence which ¢4 establishes between points of 
the plane and translating this into another correspondence. For 
suppose that <4 carries X to Y; since B carries BX to X, AB 
carries B-1X to Y, and B-c4B carries BX to BY. If B is an 
involution, the transform is expressible as Be4B and is the corre- 
spondence which carries BX to BY. For example, aPa is reflection 
in the point which is itself the reflection of the point P in the line a. 

§ 2. All the simplest positional relations between points and lines 
in a plane can be characterised by circuits of reflections. For 
example, two distinct‘lines a, 6 are at right angles if and only if 
reflections in them are permutable, that is, if and only if ab =ba, or 
again, if and only if (ab)? is a primitive circuit. We notice that 
ab = 1 is the condition for the lines to coincide and must be excluded, 
since a line is not at right angles to itself. Thus the symbolical ex- 
pression of perpendicularity is (ab)? =1, ab #1, or briefly, ab « Q,. 

The following Table shews the characterisation of a number of 
elementary relations. 


1. abe Q, Perpendicular lines. 

2. (aP)*=1 The relation of incidence: the line passes 
through the point. The relation aP =1 is 
impossible and therefore need not be for- 
mally excluded. 

3. (abc)? =1 The three lines belong to the same pencil, in 
the sense of projective geometry, that is, 
are either concurrent or all parallel. Again 
the formal exclusion, of abc=1, is un- 


necessary. 
4. PQRS=1 The points are the vertices of a parallelo- 
gram, taken in order. 
5. PRQR=1, P#Q R is the mid-point of PQ. 
6. PaQa=1 a is the radical axis of PQ, that is, the 
equidistance locus or perpendicular bisector. 
7. acbe =1 c is a midline of ab; that is, if a and b are 
not parallel, c bisects one of the angles 
between them. 
8. PR(QR)*=1 R divides PQ in the ratio 2: 1. 
9. abP =1 a and b cut at right angles at P. 
10. abZ ce Q, a and b are parallel, and Z is an _——— 
auxiliary point. If it is understood that 


is arbitrary, the condition (abZ)?=1 is 
uate, since by (9) the condition abZ =1 
would render Z determinate. 
11. abdcZ « Q, The cross formed by the pair of lines a, b 
is directly congruent with the cross formed by 
the pair c, d, it being understood again that 
ey condition is satisfied for every position 
of Z. 





12. 


13. 
14. 


15. 


16. 
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12. A,MA,M...A,M=1 M is the centroid of A,, A,,...A, for 
equal loads at these points. 
13. { ahabchbc = 1 h is the altitude line perpendicular to a in 
{ (abe) 1 the triangle formed by a, 6, c. 
14. { beafacbf =1 f is the first side of the pedal triangle of 
\ (abe)? #1 the triangle formed by a, }, c. 
15. { beafachf =1 a, b, c are concurrent bisectors of the angles 
{ (apey" =1 of some triangle in which f is the side opposite 
to the angle bisected by a. 
16. {a(bad)?a (dab)? =1 The triangle a, b, d is isosceles, with equal 
(bad)? +1 sides along b, d. If (bad)? =1, the other con- 
dition is satisfied identically. 
17. { abCAbcA BcaBC =1 The triangle whose sides are the lines a, b, 
{ (abe)* +1, (abZ)*?+1 c is directly similar to the triangle whose 
vertices are the points A, B, C. 


The proofs of the assertions contained in this Table depend for the 
most part on the following considerations : 

(1) If a and 6 intersect, the product ba is a rotation round their 
point of intersection through an angle which is twice the angle from 
atob; the rotation is through an angle not greater than two right 
angles if the direction of rotation is that in which an angle from 
a to b is not obtuse. 

(2) If a and b are parallel, the product 6a is a translation in a 
direction perpendicular to these lines and through a distance which 
is twice the distance from a to 6. 

(3) The product QP of two point reflections is the translation in 
which the vector of the displacement of every point is twice the 
vector PQ. 

And reference can often be made with advantage to the principle of 
transforming a transformation, as described at the end of § 1. 

As an example of the reasoning, (10) may be deduced from (1), 
(6), (7) as follows : 

By hypothesis, abZ is a proper involution, that is, an involution 
that is not mere identity ; hence abZ is a single reflection. Since 
reflection in a line involves reversal, while reflection in a point does 
not, the product abZ does not involve reversal and is therefore a 
point reflection 7’. But the relation abZ =T is equivalent to ab =TZ, 
and since 7'Z is a translation, it follows that a and 6 are parallel. 

A few geometrical theorems can be proved by pure group theory. 
For example, in virtue of (4) in the Table, we have already in § 1 
established a theorem of Desargues : 

If PQRS and RSTV are parallelograms, 20 also is QPTV. 

Again we can prove symbolically the result that 

If (abc)?, (abd)*, and (acd)? are circuits, so also is (bed)?. 

For (abc)? =1 implies ab=cbac, and (abd)?=1 implies ab =dbad, 
whence chac =dbad, that is, chacdabd =1; but the third condition, 
(acd)*=1, implies acd =dcea, and making this substitution in the 
product cbacdabd, we have chda*cbd =1, which on suppression of a* 
gives (cbd)*? =1, as required. But (3) of the Table shews that geo- 
metrically this theorem is trivial.. 
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The great majority of theorems in elementary geometry can not 
however be proved by group theory alone. Consider for example the 
contrast between the result just proved and the theorem that 

If (abc)? and (abd)* are circuits and a+b, so also are (acd)? and 

(bed)?. 
It is not in the least of the essence of a group that for any four 
involutionary elements a, 6, c, d for which the relations (abc)? =], 
(abd)? =1 are satisfied, the relations (acd)? =1, (bcd)? =1 also must 
hold ; this is easily seen from examples to the contrary in a suitable 
group. The corresponding geometrical theorem, which is true, rests 
therefore on special properties of the euclidean congruence group. 

§ 3. There are many ways in which we can distinguish between 
point reflections and line reflections, the two kinds of proper involu- 
tions in our congruence group, on the basis of group structure alone, 
For example, point reflections, which are direct displacements, are 
characterised by the fact that they can be expressed as squares of 
congruent transformations, namely, of rotations through a right 
angle ; a line reflection, being a reversal, cannot be a square. 

We adopt now the following point of view. Given any group 
whatever, finite or infinite, we construct an “ artificial geometry” 
from the proper involutions in the group. We divide these involu- 
tions into two classes, calling a proper involution a “ point ” if it 
can be represented as the square of some element of the original 
group, a “line” if no such representation is possible*. Then we 
introduce the conditions tabulated in § 2 as definitions of various 
positional relations. For example, by two perpendicular lines we 
mean two distinct proper involutions a, b of the group, such that 
neither is the square of any element of the group and that their 
product, in either order, is an involution; by a line and a point 
incident in each other we mean proper involutions a, P of which P 
is the square of some element but a is not, while either product of the 
two is an involution. 

For the time being, we shall interpret only the ideas corresponding 
to conditions (1)-(8) of the Table. The interesting question is, what 
theorems of ordinary geometry remain valid in an artificial geometry 
of this kind. If for example we take the group of those permutations 
of 8 objects which interchange the first 4 objects among themselves 
and the last 4 also among themselves, there are 99 of these permuta- 
tions which are involutions, and according to the criterion, 15 of 
these are points and 84 are lines. In the geometry with these 
elements, there are pairs of points without a radical axis, but there 
are also pairs with as many as 26 radical axes, that is, pairs whose 
equidistance locus consists of 26 lines. Similarly there“are pairs of 
points which cannot be joined by a line, that is, pairs P, Q such that 
no line a satisfies simultaneously the two conditions (aP)*=l, 
(aQ)?=1; on the other hand, there are pairs joined by 8 lines, by 


SE BHSSRESET Bases 


° 
i— 


ee ow ss o+w~eHS see. F8eSs 


— —— oF © eh FF 


* If either class is empty the geometry is uninteresting. Most geometrical 
theorems have assumptions which cannot be satisfied in this case, and according 
the usual convention of formal logic the theorems are true theorems but there is 
nothing of which they are true. J 
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% lines, or even by 24 lines. In this geometry midpoints do not 
exist. Another geometry of the same kind can be constructed in 
which bisectors of the angles of a triangle are concurrent but per- 
pendicular bisectors of the sides are not. 

These examples shew that our artificial geometries diverge widely 
from ordinary geometry. To mention a few more examples, a mid- 
point of a pair of points need not lie either on the equidistance locus 
or on the line joining the pair, and these two lines, if they both exist, 
need not be at right angles ; again, three lines which have a common 
point in the sense of condition (2) need not belong to one pencil in 
the sense of condition (3). 

§4. So very few of the theorems of ordinary geometry being 
necessarily true in the artificial geometry associated with an arbitrary 
group, we proceed to restrict the underlying group by postulates, 
choosing postulates which are in fact satisfied by the euclidean con- 
gruence group. Adding such axioms one by one, we contract the 
circle of available groups more and more, till finally only the euclidean 
congruence group is left ; more and more geometrical theorems can 
be proved, till the whole of elementary geometry is recovered. 

The convenient course for us is to take such postulates as provide 
simple rules of calculation for the rearrangement of reflection 
circuits, rules which can be combined readily with the rules of group 
transformation already used. This will be made clearer by examples. 

As a first postulate we choose 


Ax. 1: For any three points, (PQR)? is a primitive circuit. 


The assumption is true in ordinary geometry, since there the product 
of three point reflections is a single point reflection. In the form 
PQR =RQP, the axiom gives us a simple rule of calculation : 

In any succession of reflections which includes three consecutive 
point reflections, the two outer of these may be exchanged across the 
middle one. 

By means of Ax. 1, we prove 


Ta.1: Jf ASBS, BTCT, and AM(TM)? are circuits, so also is 
(M(SM)?. 


Expressing the enunciation in the form that if S, 7’ are the mid- 
points of AB, BC, and if M divides AT in the ratio 2:1, then M 
divides C'S also in the same ratio, we see that essentially this is the 
theorem that the medians of a triangle are concurrent. To prove the 
result, we use the relations AM(7'M)*=-1, BTCT =1 to replace 
A, B in the relation ASBS=1 by M(7T'M)? and TCT, and we 
have M(7'M)*STCTS=1. Transferring MT to the end of the 
circuit, we have M.7MS.TC.TSM.T =1; when the interchange 
allowed by the axiom is made in the two triplets 7MS and TSM, 
the factor 7 appears twice and can be dropped from each place, 
leaving MSMCUS =1, the required result. 

For our second assumption we take 


Ax. 2: The total number of line reflections in a cirewit must be even. 
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In ordinary geometry this axiom is a theorem, since a succession 
with an odd number of line reflections results in a reversal and there. 
fore cannot end by restoring an arbitrary figure to its original 
position. 

With our two axioms we can prove 


Tu. 2: Jf as, bs, and cs are involutions, so is abc, 


that is to say, three lines which are perpendicular to the same line 
belong toa pencil. The argument is as follows. Ifa, 6, c are supposed 
distinct from s, the assumed involutions are distinct from identity 
and are therefore either points or lines. But as=t¢ would imply 
ast=1, contradicting Ax. 2; the three products are therefore 
points, and from Ax. 1 we have (asbscs)? =1. Since s is interchange- 
able with a, b, and c, each s is removable and there remains (abc)? =1, 
as required. 
Another deduction is 


Tu. 3: If for any one point R, abcdR is a proper involution, the 
succession abedZ 18 a proper involution for an arbitrary point Z. 


For the proper involution abcdR is not a line, since by Ax. 2 there 
cannot be a circuit of the form abcdRt ; this involution is therefore 
a Dre and combining this point with R and Z we have from Ax. | 
( ‘R?Z)?=1, and the result follows on removal of R*. This 
theorem having been established, we can define the direct congruence 


of two crosses in our geometry by means of condition (11) of the 
Table in § 2, since we know now that this condition represents some 
relation independent of the auxiliary point Z. If 6 and c coincide, 
the theorem reduces to the form that adR«{, implies adZ«Q,, 
which is the analogous basis for the definition of parallelism by 
means of condition (9). That congruence of crosses is a transitive 
relation is the geometrical interpretation of 


Tu. 4: If abdceZ and cdgfZ are proper involutions, so also is abgfZ. 


For the proof, we have only to recall again that abdcZ, Z, and 
cdgfZ are three points to which Ax. 1 can be applied, giving 
abdcZ*cdgf Z «Q,, and the result follows on the removal of square 
factors. 

We add now 


Ax. 3: If abcRebaR is a circuit, then abe is a proper involution. 


The premiss of this axiom can be written in the form 
(cha)“*R (cba) = R, 

and expresses that the transform of the point reflection R by the 
operation cba is the point reflection itself, or in other words that RB 
is a fixed point of the transformation cba. Now in ordinary geometry, 
cba is a reversal and any reversal which leaves one point fixed is a 
reflection ; it follows that cba is a simple reflection, which is the result 
postulated in the axiom, and therefore this axiom also is satisfied in 
ordinary geometry. 
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Our three axioms are sufficient for the proof first that the perpen- 
dicular bisectors of the sides of a triangle belong to a pencil, and then 
that the three altitudes of the triangle belong also to a pencil. 

If A, B, C are the vertices and p, q, r the perpendicular bisectors 
of the sides, we see from (6) of the Table in § 2 that the concurrence 
of the bisectors expresses 


Ta. 5: If BpCp, CqAq, ArBr are circuits, then pqr is a proper 
involution. 


To prove this theorem, we substitute rAr for B and gAq for C in the 
first circuit, which becomes rArpqQqp, and since only cyclic order 
is relevant, the required result is given at once by Ax. 3. 

We turn now to the altitudes. The vertices being denoted by 
A, B, C, the sides by a, b. c, and the altitudes by f, g, h, the sym- 
bolical expression of the result to be proved is 


Ta. 6: Six relations of the form (Ab)? =1, three of the form (Af)? =1, 
and three of the form af « Q,, imply (fgh)? =1. 


For proof, we remark that since a is permutable with both B and 
C, fBC =fBa®C =faBCa; but the product fa is by hypothesis a 
point, and we can apply Ax. 1 to this point and the two which follow 
it, thus replacing faBCa by CBfa* and so by CBf. Now the con- 
dition (Af )*=1 implies identically CBAfAfBC =1, which is there- 
fore equivalent to CBA.f.ACB.f=1, and by symmetry we have 
also ACB .g.BAC.g=1, BAC.h.CBA.h=1. Recalling that the 
products BAC, CBA, ACB are themselves points, we see that we 
have here a set of conditions of precisely the form required for 
the application of Th. 5, and the desired conclusion follows at once. 

Since concurrence in a point is not the same as membership of a 
pencil, there is a different definition of the altitude f, as the line 
satisfying the two conditions (bef )?=1, af«Q,, and it may be 
objected that this simpler definition is more natural than the 
definition implied in Th. 6. This is true, but a further axiom seems 
to be required for the deduction of ( fgh)? =1 from the smaller set of 
conditions. A sufficient basis is 


Ax.4: If abcfghabchgf is a@ circuit, either abc or fgh is a proper 
involution. 


This axiom, which resembles Ax. 3 but replaces the point R by a 
product of three lines, is valid in ordinary geometry. If now af =fa, 
we have (bef )* =befa*bef =beafabef, and the condition (bef)? =1 
implies bea =fabcf ; similarly from the two conditions (abh)* =1, 
ch « 2, we have abchcabh =1, that is, cab=habch. But from the two 
conditions (cag)? =1, bg « 2, we have in the same way cabgbcag =1, 
and substituting in this relation for the two products cab, bea we 
have habchgfabcefg =1, which is the premiss of Ax. 4. Thus we have 


Ta. 7: If (bef)?=1, (cag)?=1, (abh)?=1 and also af «Q,, bg « Q,, 
ch ¢ Q,, then either (abc)? =1 or (fgh)? =1, 
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which is the suggested form of the theorem regarding the altitudes, 
since the assumption that a, 6, c are the sides of a triangle rules out 
the alternative (abc)? =1. It should perhaps be added that since we 
have not considered concurrence of f, g, h in either Th. 6 or Th. 7, 
we cannot be said to have dealt in any sense with the existence of 
an orthocentre. 

We introduce now a fifth axiom : 


Ax. 5: If abPQbaQP is a circuit, either P and Q coincide or abQ isa 
proper involution. 


This axiom again is satisfied in ordinary geometry. If P and @ 
coincide, the premiss is satisfied automatically. If a and 6 coincide, 
the premiss is satisfied automatically and abQ reduces to the proper 
involution Q. If P and Q are distinct, PQ is a definite translation, 
and the premiss, written in the form abPQ =PQab, expresses that 
the congruent transformation ab is commutative with this trans. 
lation. But if a and 6 intersect and do not coincide, ab is a proper 
rotation and is not commutative with any proper translation ; on 
the other hand if a and 5b are parallel and do not coincide, ab isa 
translation and is commutative with any translation. Thus the 
conclusion required by the axiom is that a and 6 should be parallel, 
and we see from condition (9) of the Table that this is what is 
expressed. 

Axiom 5, with the four earlier axioms, renders possible the proof 
of a great mass of the theorems of elementary geometry. For 
example, in the geometry attached to any group for which these 
axioms hold : 

A midpoint of a point pair lies always on a radical axis and also on 
a line containing the pair, and these two lines are necessarily perpen- 
dicular ; 

Three lines which are parallel or which have a common point belong 
to a pencil 
in the sense of (3) of the Table ; 

The bisectors of the angles of a triangle are concurrent.* 

Two examples will suffice to illustrate the application of the last 
axiom. For our first example we take 


Tu. 8: Jf aP, aQ, bP, bQ are all involutions, then either a coincides 
with b or P coincides with Q, 


which is equivalent to the pair of propositions 

Two distinct points have at most one line joining them ; 

Two distinct lines have at most one common point. 

The existence of at least one line in the one case and at least one 
point in the other cannot be proved from Ax. 1-5. To prove Th. 8, 
we argue as follows. Since a is permutable with both P and Q, 
PaPQaQ =1, and similarly PbPQbQ=1; hence PQ =aPQa =bPQb, 
and therefore bPQbaQPa =1. This is precisely the premiss of Ax. 5, 
and implies that either P coincides with Q—the second alternative 
in the enunciation of the theorem to be proved—or abQ is a proper 


* Cf. Thomsen, Math. Zeitschrift, 34, p. 712. 
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involution, which, by Ax. 2, is a point reflection 7. By hypothesis, 
Qis permutable with both a and 6, and therefore abQ=T is equiva- 
lent to Qab =7' ; the two relations can be replaced by ab =QT =TQ, 
implying that Q7' is an involution. But if QT is a line c, we have 
abe=c? =1, contradicting Ax. 2, and if Q7' is a point R, we have 
QrR = R? =1, contradicting Ax. 1; thus QT is not a proper involu- 
tion, and the only possibility that remains is that Q7' is identity, 
implying ab =1, that is, a=, the other alternative in the enuncia- 
tion 


We proceed to a second example of the application of Ax. 5, in 


Ta. 9. Let six lines f, g, p, q, u, v be subject to the pencil relations 
(fpv)? = (fqu)* =(gpu)* =(gqv)* =1, (fgu)? +1. 

Then if the further condition fugvZ «Q, is satisfied for an arbitrary 

position of Z, so also is the condition fpgqZ « Q,. 


The pencil relations are those of the sides of a complete quadrangle, 
but the existence of vertices is not assumed. Taking the enunciation 
as referring to a quadrangle in the ordinary plane, we see from con- 
dition (11) of the Table in § 2 that the sixth condition asserts that 
the cross formed by f, u is congruent with thecross formed by », g. 
We are, therefore, dealing with a cyclic quadrangle, and the result is 
nothing but the fundamental theorem, which plays so powerful a 
part throughout the geometry of the circle, that the one congruence 
between crosses implies the other congruences which we associate 
with the figure when it is cyclic. A proof of the theorem is as follows. 

From the second condition, u =gfugf, whence from the third con- 
dition, taken in the form (pgu)? =1, 


p.99fu .gfp .gu=1. 
Inserting at the points indicated the three products v*, guZ*vg, vZ*v, 
each of which is 1, and placing f at each end of the chain, we have 


fpr .vgq .fugvZ .Z .vgq .fpv .Z . Zvguf =1. 
By hypothesis, in consequence of Ax. 2, the products fpv and vgq are 
lines a, b, and the product fugvZ is a point h ; with these substitu- 
tions, the relation last written takes the form ab7T'ZbaZT =1, which 
is that of the premiss in Ax. 5. The ibility 7’ =Z, implyin 
fugv = 1 and therefore ( fug)? =1, is excluded by the enunciation, and 
therefore abZ « Q,, that is, fpgqZ « 2,, as was to be proved. 

§5. In our examples of the construction of a geometry from 
axioms, it is to be noticed that there are no assumptions as to the 
existence or unique determination of points and lines; in this 
respect the work is in contrast to Hilbert’s Grundlagen der Geometrie, 
where we find as the very first axiom, T'wo distinct points always 
completely determine a straight line. Certainly a few assumptions as 
to existence and uniqueness are implicit, though unobtrusive, in our 
use of the axioms of group theory. Where is moreover a fundamental 
process * by which it is possible to free these assumptions from their 
dependence on the group concept. 


* Cf. Thomsen, Math. Zeitschrift, 34, p. 682, 
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Again, in our axioms there are no questions of order or continuity, 
The ideas of order and continuity can of course be introduced into 
group geometry by fresh axioms ; in particular, we can characterise 
the group of congruent transformations in the euclidean plane com- 
pletely by adding three more axioms to those already given. But 
such a complete characterisation of the euclidean congruence grou 
by intrinsic properties is not related very closely to our main investi- 
gations. 

Primarily, the examples of the last section are designed to shew 
how a group calculus useful in the treatment of elementary geometry 
can be developed. The aim is, to make the group calculus into an 
instrument so perfect as to take a rival place by the side of cartesian 
analytical geometry. As a method, the calculus of groups is simpler 
than the algebra of cartesian geometry, since the former has only 
one operation, namely, multiplication, while the latter is built on 
addition and multiplication and the operations inverse to these. 
Further, the arbitrariness of the coordinate system at once intro. 
duces extraneous elements into the discussion of any problem by 
cartesian methods, and these extraneous elements have to be elimi- 
nated by a theory of invariants or by some method of vector analysis. 
In the treatment of geometry by the algebra of proure, no redundant 
elements are involved in the calculus itself, and the method appears 
for that reason the more suitable. 

Consider for a moment the calculations necessary to prove the 
existence of the orthocentre by cartesian methods. We put down 
the coordinates of the three vertices, and we assume equations for 
the three sides and the three altitudes. We then write down the 
nine conditions of incidence and the three conditions of perpen- 
dicularity, and from our twelve equations we derive the condition 
which implies that the three altitudes are concurrent. As all of us 
are familiar with this kind of algebra from childhood, and some of us 
perhaps equally ready with vectorial methods, it goes without saying 
that we can give very elegant proofs of the theorem. But if we are 
to make a Fair comparison between the group calculus and the 
cartesian method, we must take pedantic account of every step in 
the argument and of every application of fundamental rules like the 
distributive law, since the corresponding laws of the group calculus 
modified by our associated axioms are not yet second nature to us. 

Even if in a comparison of this kind a multitude of individual 
examples seemed to tell in favour of the group calculus, we might 
still be far from entitled to speak of a serious rival to the cartesian 
method, which has the essential property of rendering elementary 
geometry “trivial”. Whereas before Descartes every theorem 
demanded for its proof some new idea, some happy chance, as for 
example the drawing of some P sicgene lines in the figure, analytical 
geometry provides once for all an infallible means of completing 4 
proof in every case in a finite number of steps by diligence and 
routine alone. Even to-day we often encounter the belief that it is 
only on the algebraical side and not in proofs dependent on the con- 
struction and consideration of geometrical figures that we possess 4 
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method of rendering geometry in this sense trivial. This is a mistake, 
for with the help of Hilbert’s line calculus we can easily transfer the 
trivialisation from the cartesian method to pure geometry. But for 
the majority of theorems, the proofs which have been fitted into 
the framework of Hilbert’s calculus are essentially more complicated 
than familiar classical proofs. Naturally a trivialising method 
cannot be expected to give the “‘ best’ proof in each individual case. 
Nevertheless, more intimate experience of the whole nature of a 
method which consists in translating the cartesian process into 
terms of pure geometry encourages the belief that some better 
trivialising method must be discoverable. Perhaps the group 
calculus developed in this paper may point the way to the discovery. 
Hitherto the search for a suitable method’has not prospered. Need- 
less to say, the cartesian method could be translated into group 
calculus by way of pure geometry, but what is wanted is a better 
trivialising method natural to the group calculus itself. 

§6. The calculus of reflections can be applied successfully to solid 
geometry. In the group of congruent transformations in space there 
are proper involutions of three kinds, reflections in points, in lines, 
and in planes ; these we shall denote by Latin capitals, small Latin 
letters, and small Greek letters (other than «) respectively. Most of 
the positional relations can be expressed very simply. A few 
examples must suffice. 

1. (AP)?=1. The incidence relation : the point is in the plane. 

2. ab«Q,. The lines cut and are perpendicular. 

3. (Ag)?=1. The product Ag cannot be identity or a line reflection, 
but the other two kinds of proper involution are possible ; if Ag is 
a point reflection, the line g is perpendicular to the plane A ; if Ag isa 
plane reflection, the line g lies in the plane X. 

4. If abZ is a point reflection, for every position of the auxiliary 
point Z, the lines a, b are parallel. 

5. If (ab)?Z is a point reflection but abZ is not, where Z is again 
arbitrary, the lines a, b are perpendicular but do not necessarily 
intersect. 


6. If (gA)?Z is a point reflection but g\ is not, the line g is parallel 
to the plane x. 

7. If (abe)?Z is a point reflection, but abc is not an involution, the 
three lines are parallel to one plane. 

“aan Apv is a point reflection, the three planes are mutually perpen- 
icular. 

9. If (Apv)?Z is a point reflection, still for an arbitrary position 
of Z, but Apv is not, the three planes are parallel to one line. 

The three kinds of proper involution in three dimensions can be 
distinguished by intrinsic properties as follows. First the line 
reflections can be set aside as those which are the squares of elements 
of the group. The point and plane reflections together compose a 
class in which the plane reflections can be recognised by the pro- 
perty that a plane reflection forms with some other element of 
this class a product which has period 3, that is, a proper transfor- 
mation which if applied 3 times in succession to any figure restores 
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the figure to its original place. (With any plane A can be associated 
another plane » which cuts it at an angle of 60°, and then (Az)* =1) 
It is not possible for the product of two point reflections or of a point 
reflection and a plane reflection to have the period 3. 

If in the way just sketched we form an artificial solid geometry, 
instead of an artificial plane geometry, from the involutionary 
elements of the permutation group used for an illustration in §3 
above, we have a geometry with 36 points, 15 lines, and 48 planes. 

Details of three-dimensional geometry will be found in a forth- 
coming paper * by H. Boldt, who gives a complete characterisation 
of the congruent transformations of euclidean space by intrinsic 
properties ; the number of axioms needed for this purpose is com- 
paratively small. 

§ 7. In conclusion, let us refer again to a defect in the reflection 
calculus. The condition for the steps determined by two pairs of 
points PQ and RS to be congruent cannot be expressed as the 
existence of a circuit involving only the four points P, Q, R, S ; the 
circuit must involve at least one arbitrary auxiliary point or line. 
The condition cannot be reduced to a simpler form than: There 
exists some line a such that aPQaRS is a circuit. Similar relations 
have to be used in solid geometry to express the condition that two 
lines intersect and the condition that one pair of planes is congruent 
with another pair. G. THOMSEN. 








936. Je n’ai jamais été assez loin pour bien sentir l’application de l’algébre 


a la géométrie. Je n’aimais point cette maniére d’opérer sans voir ce qu’on 
fait, et il me semblait que résoudre un probléme de géométrie par les équations, 
c’était jouer un air en tournant une manivelle. La premiére fois que je trouvai 
par le calcul que le carré d’une bindéme était composé du carré de chacune de 
ses parties, et du double produit de l’une par l’autre, malgré la justesse de ma 
multiplication, je n’en voulus rien croire jusqu’d ce que j’eusse fait la figure. 
Ce n’était pas que je n’eusse un grand goiit pour l’algébre en n’y considérant 
que la quantité abstraite ; mais appliquée a l’étendue, je voulais voir l’opéra- 
tion sur les lignes; autrement je n’y comprenais plus rien.—Rousseau, Le 
Confessions, livre Vie. [Per Mr. J. B. Bretherton.] 


937. Quoiqu’il ne fallit pas 4 nos opérations une arithmétique bien trans- 
cendante, il en fallait assez pour m’embarrasser quelquefois. Pour vainere 
cette difficulté, j’achetai des livres d’arithmétique, et je l’appris bien car je 
Yappris seul. L’arithmétique pratique s’étend plus loin qu’on ne pense q 
on y veut mettre l’exacte précision. Il y a des opérations d’une longueur 
extréme, au milieu desquelles j’ai vu quelquefois de bons géométres s’égarer. 
La réflexion jointe 4 l’usage donne des idées nettes, et alors on trouve des 
méthodes abrégées, dont l’invention flatte l’amour-propre, dont la justesse 
satisfait l’esprit, et qui font faire avec plaisir un travail ingrat par lui-méme. 
Je m’y enfongai si bien, qu’il n’y avait point de question soluble par les seuls 
chiffres qui m’embarrassat, et maintenant que tout ce que j’ai su s’efface 
journellement de ma mémoire, cet acquis y demeure encore en partie au bout 
de trente ans d’interruption. Il y a quelques jours que, dans un voyage que 
j'ai fait 4 Davenport, chez mon héte, assistant a la lecon d’arithmétique de ses 
enfants, j’ai fait sans faute, avec un plaisir incroyable, une opération des plus 
composées.—Rousseau, Les Confessions, livre V. [Per Mr. J. B. Bretherton.] 


* To appear in Math. Zeitschrift. 
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THE CONDITION FOR THE EQUALITY OF THE 
BISECTORS OF TWO ANGLES OF A TRIANGLE.* 


By W. J. Doss. 


I. Let BOY and COZ be the bisectors of the angles B and C of 
the triangle ABC. 

Draw OH, CH parallel to AB, OB respectively ; OK, BK parallel 
to AC, OC respectively. 


As OH and BC are equally inclined to the parallels OB and CH, it 
follows that OH=BC ; similarly OK=BC. ‘ 

Hence the points H, K are symmetrically situated on opposite 
sides of AO. a 

The angle A HC, being < BHC, i.e. < $(B+(C), is acute ; similarly 
the angle AK B is acute. 

Now let p, g denote the perpendicular distances of HC, KB from 
the point A. 

Then p.BY=2A=q. CZ. 

If, then, BY =CZ, it follows that p=q. 

As p, AH are respectively equal to g, AK, it follows that the acute 
angles AHC, AKB are equal. 

Subtracting the equal angles AHO, AKO, we see that 


angle OHC =angle OK B, 
te. 4B=4C ; 
hence b=c. 


II. It is interesting to apply the same method to the case in which 
BY is the internal bisector of the angle B while CZ is the external 
bisector of the angle C. 


*See Math. Gazette: XVI, July 1932, p. 200, Note 1031; XVII, May 1933, 
p. 122, Note 1069. 
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We still have OW=a=OK, and the points H, K are symmetrically 
situated on opposite sides of AO. 


Also p.BY=2A=q.CZ, 
so that, if BY=CZ, then p=q. 
Since p, AH are respectively equal to q, AK, 


angle AHC=angle AKB or its supplement. 
Also AHO=AKO=}8, say. 


Thus ($B + }8) is either equal or supplementary to (4B+ 4A — }9). 

The only possible conclusion is A = 20. 

Now the points H, K are evidently situated on the circumcircl 
of OBC. Let OAE be the diameter of this circle. (O and £ are, of 
course, the centres of two of the escribed circles of the triangle 
ABC.) 


Then angle EAH =}x-}4A+}0=}497-}36=EHHA, 
hence EH=EA. 


It is now easy to construct a triangle ABC to satisfy the given 
condition. The side a may be taken of any length. As BY and CZ 
are to be equal but of arbitrary length, the angle A may vary. We 
therefore assign an arbitrary value @ to the acute angle 4A. Take, 
therefore, any right-angled triangle HHO, right-angled at H, and let 
HO=a and angle H=6. Along HO take EA=EH and describe the 
circle on EO as diameter. Draw BAF the chord parallel to HO, and 
take C the image of Fin HO. Then ABC is a triangle which satisfies 
the given condition. 

If it be required to calculate the sides b and c in terms of a and 8, 
we have 

bec= EA . AO=a* cos 0/(1 + cos 8). 
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Also, since EA = EH, the projection of AH upon BA is equal to 

the perpendicular distance re H from EO=a cos 0; 
i.e. &—b=acos8, 

or a+c—b=2acos 0. 

Thus 6 and c are determined by the two equations 

beats cos 6—1), 
be=a* cos 0/(1 + cos 8). 


The particular case in which cos $=} is interesting. It gives 
A=120°, b=c=a/./3. In this case 


CY=BZ=a///2. 


III. The case in which BY and CZ are both external bisectors and 
aintermediate in value between 6 and c responds to the same treat- 
ment. In this case E is the incentre and lies between A and O ; but 
BA is still equal to HH. Fig. 3 shows the construction for such a 
triangle, HA being taken equal to HH, AFB parallel to HO, and C 
the image of F in ZO. 





Oo 
Fia. 3. 


et the acute angle 3A by 8, the sides b and c are determined 
in terms of a and @ from the equations, 


re « sin 6+1), 
be=a*sin 6/(1 — sin 9), 


where 6 must be less than 30°. 
W. J. Dosss. 





938. Pertursations. “ Till the advent of Clara Hartill, Elsbeth had been 
a of her world. All the more disconcerting of Elsbeth, receiver of 
ences, therefore, to be so entirely uninterested in the.comet that was 
deflecting Alwynne from her accustomed orbit.””—C. Dane, Regiment of Women, 
1917. [Per Prof. E. H. Neville.] 
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THE GRAPHICAL EQUIVALENT OF THE PRINCIPLE 
OF MOMENTS. 


By T. W. Hatt and A. C. WruiAMs. 


Statics is founded upon two outstanding principles : the Parallelo. 
am of Forces and the Principle of Moments. The Parallelogram 
w is universally acknowledged as fundamental and is given its 

rightful place in both analysis and graphics; in the former it 
furnishes two equations connecting the forces keeping a body at rest 
while the Principle of Moments furnishes a third equation. In 
graphical statics the Funicular Polygon is used as the equivalent of 
the third equation derived from the Principle of Moments, 

The third equation can be deduced from the first two equations 
and Newton’s Third Law, that action and reaction are equal and 
opposite. This is the analytical proof of the fact that it is possible to 
substitute the Funicular Polygon for the Principle of Moments : that 
by the use of a fictitious framework in which the internal forces are 
from joint to joint and equal in magnitude but opposite in sense and 
by application of the Triangle of Forces at each joint, the same result 
can be obtained as by taking moments about an axis. However, the 
use of the Principle of Moments as a separate theorem simplifies the 
analytical treatment enormously and was discovered centuries before 
the Parallelogram of Forces. The object of this article is to show that 
a construction based on the Principle of Moments may, with advan- 
tage, be used to replace the Funicular Polygon, bothin the elementary 
presentation of the subject and as a standard method for the en. 
gineering profession. The construction may be called the “ projec- 
tion method ”’. 

The simplest case is the determination of the reactions at the sup- 
ports of a beam with a single concentrated load. From Q, one point 
of support, QS (or ab, using Bow’s notation) is drawn to represent the 
load W. The line of action of the load is produced to meet PS inT 
and 7'c is drawn parallel to PQ to meet ab inc. Then bc and ca are 
the reactions at P and Q respectively because 


PR_PQ, 
RT QS’ 

thus PR .QS=PQ .RT 

or RT .PQ=W.PR 


i.e. RT represents the force at Q whose moment about P is equal to 
the moment of W. The construction can be used when the forces 
inclined to the beam as in Fig. 1 (6). Although this construction is 
given in several text-books its extension to more complicated cases 
is not attempted. 

The construction is readily extended to a beam carrying several 
loads. In Fig. 2 (a) it is applied to a beam, PQ, supported at both 
ends and carrying three loads AB, BC, CD. The line of loads is set 
down from Q, and the construction applied to each load in turn. The 
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vertical intercepts represent the reactions due to the corresponding 
forces, therefore if they are transferred by means of dividers to the 
line of loads, their sum ea gives the reaction EA while de gives the 
reaction DE. Fig. 2 (b) shows the case where the beam is loaded 
outside the supports. For the overhanging loads AB and EF the 
joins of P to a, b, e, and f are produced to cut the lines of action of 
the forces AB and EF. In Fig. 2, for the sake of clearness, the re- 
actions are set out to the right of the line of loads. 


8B A 8 
R Q 
la 
































Fie. 2. 


The reaction due to EF is opposite in direction to the reactions due 
to the other loads, which is shown in the figures by the vertical inter- 
cept being above the beam. When transferred to the line of Joads 
the intercepts above the beam are pricked upwards instead of 
downwards. 

A very general i ie of the construction is shown in Fig. 3. 


The frame is irre ly loaded and the join of the points of support — 
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PQ is not horizontal. The force polygon abcdef is drawn in the 
ordinary way. The lines ab, bc, cd, etc. are projected on to a line 
through Q (preferably vertical) by projectors parallel to PQ. This is 
equivalent to resolving each load into two components, one al 

PQ whose magnitude does not concern us, and the other vertical, 
whose magnitude is given by a’b’, for the load AB, 6’c’ for the load 
BC, and so on. P is joined to a’b’c’ ... f’. The lines of action of the 
loads are produced to meet PQ and from their points of intersection 
with it verticals are drawn, giving the intercepts as before. Setti 

the intercepts along the vertical through Q, g’ is obtained. Then 
f’g’ is the vertical reaction at P and g’a’ the vertical reaction at Q. 


a 





Mico aal 














Fie. 3. 


The position of g on the force figure, which gives the total reactions 
fg and ga at P and Q respectively, depends on the fixing of the frame 
at P and Q. If the reactions are parallel to the resultant af, they are 
obtained by drawing through g’ a line parallel to PQ to meet fa in 
91; fg, and g,a are the resultants. If the reaction at Q is vertical, the 
reactions are given by fg, and g,a, when g, is the intersection of a line 
through g’ parallel to PQ and the vertical through a. If the reaction 
at P js vertical, a similar construction gives the reactions fg, and 9,4. 

The resultant is given in magnitude and direction by af. Its posi- 
tion is easily obtained, by drawing through g’ a parallel to PQ to 
meet Pf’ in R and drawing a vertical through R to meet PQ in 8. 
_ The resultant passes through S. This is a general method of finding 


. ERRPET SZ TY FF 
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the resultant of any number of forces, including the centre of mass of 
any geometrical figure. 

e construction can be used in all cases where, in calculation, the 
Principle of Moments is used. Thus the Bending Moment diagram 
for a beam with concentrated loads may be easily obtained, as the 
reaction at one support due to any load represents to a certain scale 
the moment of that load about the other support. The B.M. di 
is obtained by erecting a vertical at P, setting off the reactions (i.e. 
intercepts) in order starting with the left hand force and joining as in 
figure 4(a). The Bending Moment at any section is given by the or- 
dinate of the diagram measured on the force scale multiplied by the 
distance between the supports. (In Fig. 4, the ordinates have been 


é 














Fia. 4. 


doubled for better definition so that in this case the ordinate should 
be multiplied by half the span.) 

Ritter’s method of sections is usually a semi-graphical method in 
which numerical calculation of moments is combined with scale 
drawing. As it depends on the calculation of moments, it falls within 
the scope of the projection method and is thus made completely 








250 THE MATHEMATICAL GAZETTE 


graphical. Several methods are available for arranging the work, one 
of which is shown in figure 5. A horizontal is drawn through Q, the 
point about which moments are to be taken, and the distance QR 
set out equal to the distance from Q of the member whose stress is 
uired. The loads are projected on to a vertical from R and a 
pole o is taken vertically beneath Q. On completing the construction 
the algebraic sum of the intercepts represents the force in the mem. 
ber ired. 
The theory of the projection method is simple and depends on 
elementary geometry and the range of its application exceeds that 
of the funicular polygon, while it is more in keeping with analytical 
methods. In fact, it may be said to be the analytical method with the 
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Fie. 5. 


calculations carried out graphically. For these reasons it seems 
desirable to use it instead of the time-honoured funicular. ~ wa 
A.C. W. 


939. I had not long ago in my hands... an original copy of the folio 
edition of the Tatler, with a list of the subscribers. It is curious to see some 
names there which we should hardly think of (that of Sir Isaac Newton 
among them) . . .—W. Hazlitt, On the Periodical Essayists. 
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THE TRANSFORMATION y=f'(z) 
THE TRANSFORMATION y=f" (2). 


By RayMonD GARVER. 

TuE transformation y=/f' (x) on the roots of 
(1) f(x) =a" +¢,2°-1+...+¢,=0 

is interesting to study on account of the fact that it leads to a trans- 
formed equation whose constant term is, except possibly for sign, 
the discriminant of f(z)=0. It is easy to see that this property 
holds, for, writing f(x) in the factored form 

(x — 2% )(w@—2%q) ... (w— 2), 
we have at once 


Sf’ (®y) = (@ — %q) (4% — %q) -.. (% — Lp), 
S' (2) = (%_— 4%) (%_e— Xs) «.- (%e—-Zy), 


and so on. Now the constant term of the transformed equation, 
assuming the first coefficient to be unity, is 


(-1)"f' (a) Sf" (as) --- f'n), nin=1) 


and the product f’ (7,) f’ (x,) ... f’(z,) is, in turn, equal to (—1) ? 
times the discriminant 


(ay — %g)® (1, — 2g)". (Spy —Zpy)*. 
n(n+1) 


Hence the constant term is (—1) * times the discriminant. 

We thus have a possible method of obtaining the discriminant 
of (1), and it turns out to be an advantageous method in a number 
of cases. First, in the case of the reduced cubic 2°+px+q=0 our 
transformation becomes y=32?+p. The transformed equation can 
be set up almost at once by a process often used in the treatment of 
the transformation y=2z*. That is, write the cubic as x(x*+p)= —4q, 
replace z? by (y— p)/3, square both sides of the equation, and make 
the same replacement again. We thus secure for the transformed 
equation y* + 3py*— 4p*— 27q?=0, and the familiar —4p*—27q is 
obtained as the discriminant of z*+ px+q=0. A moment’s thought 
shows that we can get along, if we desire, with the transformation 
y=2z*. This gives the transformed equation y* + 2py?+ p*y—q?=0, 
which we shall find it convenient to call F(y)=0. The factored form 
of F(y) is (y—2,")(y—2,")(y—2,”), and the discriminant of 

x°+p2+q=0 is — (3x,?+ p)(3x,"+ p) (3x7,7+ p), 
which can be written as 
27 ( — p/3 — x,*) ( — p/3 — x) (— p/3 — x5"), 
and which is hence 27F ( — p/3).* 
An alternate procedure for the cubic is to write y=32*+p as 
*In the American Mathematical Monthly, vol. 38 (1931), 185-6, I have used the 


transformation y=z* to obtain the cubic discriminant, but in a different and less 
convenient way. 
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y= — 2p — 3q/x, which is obviously an equivalent transformation on 
the roots of 2° + px+q=0. This is a linear fractional transformation, 
and the transformed equation, set up by replacing x by — 3q/(y + 2p) 
and simplifying, is the same as before.* It is true that this trans. 
formation cannot be used if q is zero, but this trivial case can be 
treated separately with no trouble. For then z,=0, z,?=2z,?= —p, 
and — (32,2+ p)(3z,"+ p) (3242+ p) becomes at once — 4p 

We can now make two rather interesting modifications of this 
treatment. The transformation y=1/z applied to 2*+px+q=0, 
assuming again q +0, gives at once gy*+py*+1=0, or, let us say, 
G(y)=0. The factored form of G(y) is, of course, 


q(y— 1/x,)(y— 1/2) (y — 1/25), 
while the discriminant of z*+px2+q=0 can now be thought of in 
the form — (— 2p —3q/z,)(— 2p —3q/x_)(— 2p — 3q/x5), which is easily 
seen to be —27g?.G(-—2p/3q). Or we can actually obtain the 
discriminant without a transformation of any sort by noting that it 
can also be put in the form 
— (— 2pm, - 3g) (— 2px, — 39) (— 2px, —3q)/x,r rs, 
or + 8p*( — 3q/2p — x) ( — 3q/2p — x) ( — 3q/2p — %3)/¢. 
Now if f(x) denotes z*+ px+q, with factored form 
(w-%,)(w— 23) (%— 2s), 

we have at once that the discriminant is simply + 8p* f(— 3q/2p)/q. 

Another important problem in connection with the cubic is the 
derivation of the relations between the value of the discriminant 
and the number of real roots of the equation. While the desired 
criteria can be obtained algebraically in an entirely satisfactory way, 
geometric treatments, based on the graph of a cubic polynomial, 
are also of interest. That based on the graph of z=2*°+px+q in an 
(x, z) axis system is not very convenient, leading to irrationalities.f 
But the transformations y=2z?, y= — 2p—3q/x and y=1/z lead to 
better derivations. Two of these I have already discussed, in the 
two references which have been given to papers of mine. The third, 
as it happens, seems to be the simplest of the three. The trans- 
formation y=1/xz gives the transformed equation gy? + py*?+1=0, 
and there is a one-to-one correspondence between the real roots of 
the given and those of the transformed equation, provided only 
q+0. Now the graph of z=qy*+py?+1 has, unless p=0, a maxi- 
mum point and a minimum point, one of them at (0, 1) and the 
other at (-—2p/3q, — D/27q*), D representing —4p?—27q*. And 
while the position of the graph is affected by the sign of q, it is clear 
in either case that there will be three intersections with the y-axis 
if the maximum and minimum points are on opposite sides of the 

* See School Science and Mathematics, vol. 29 (1929), 474-76, for a treatment 
based on essentially this transformation. 


+ For details the reader may consult Dickson, First Course in the Theory of 
Equations, 1922, section 60. 
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y-axis, that is, if D is positive, and that there will be only one inter- 
section with the y-axis if they are on the same side of the y-axis, that 
is, if D is negative. If p=0 there are no maximum and minimum 
ints, but obviously there is only one real root; in this case 
= —27q*. If q=0 the number of real roots can be seen at once to 
depend on the sign of p, by examining x*+ px=0; D is now — 4° 
and the general criteria hold in this special case. If D=0 the very 
definition of discriminant says that we have a double root. 

When we pass to the consideration of the quartic equation, which 
we may take in the reduced form x* + gx*+rx+s=0, we have a more 
difficult problem. The transformation y=/f'(x) may be written as 
either y=4a°+2qr+r or y= —2qx-3r—4s/x, but neither of these 
ean be handled with the facility which marked the cubic case. If 
we use the first form, it seems necessary to fall back on one of 
several known general methods of setting up the transformed 
equation. The simplest is to eliminate x by determinants from the 
four equations y=42°+2qr+r, xy= —2qu*-3rx—4s, 

a*y= — 2qx3 — 3rx*—4ex, x8y= — 3ra*+ (2g? — 48) x*+ 2qrx + 2qs, 
in which 2* has been replaced by — gx? — rx —s whenever it appears. 


These are four consistent, linear, homogeneous equations in z*, z?, 
z, 1, and hence the determinant 


4 0 2q rey 
0 -299 -3r-y 
@) ‘ ide 4 


—2q —3r-y —4s 0 
—3r-—y 2q*-—4s 2qr 2q8 
must vanish. This gives the transformed equation. If we want only 
the constant term, which is the discriminant of the given quartic, 
we may at once set y=0. The resulting determinant is easily 
evaluated, especially after simplifying by adding g times the second 
row to the fourth row and then changing all signs in the third and 
fourth rows. 

It should be said that determinant (2) with y=0 gives a form of 
the discriminant of f(x)=a*+qz?+rxz+s=0 not greatly different 
from that obtained by applying Bézout’s method of elimination to 
f(x)=0 and f’(x)=0. It is much simpler than the determinant form 
given by Sylvester’s method, being of lower order, and is simpler to 
calculate, though not to set up formally, than the familiar form 


4 8 & ‘| 
8 8 8 &% 





8 8 8% 4&4 





| 8 & 8 & 


, 


where s, is, as usual, the sum of the kth powers of the roots of our 
equation. Obviously a determinant form of the discriminant of the 
general equation of the nth degree can be obtained by the same 
method that we have used for the quartic. 
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The alternate treatment of the quartic uses the transformation 
y=f' (x) in the form y= — 2qx—3r—4s/z, which we shall write as 
y= —2q(x—1,)(x—1,)/z, 7, and r, denoting the roots of 

2Qqu* + 3rx + 48=0. 
We shall not attempt to set up the transformed equation com- 
pletely, since this cannot be done by any easy device, but shall be 
satisfied with obtaining the constant term, which is all that we 
really want. The constant term is the product of the four y-roots, 


4 4 4 4 
or D=16¢* [I (x;—7,) I] (%:—72)/I1%;. To evaluate [] (x;—1,), 
i=1 i=1 i=1 i=1 


note that the transformation w=2-1, on the roots of f(x)=0, 
which will be effected by replacing » by w+r,, leads to a trans- 
formed equation in w whose constant term is f(r,). Hence, for a 


quartic, 4 4 
pu “a (x; -—1,)=f (1). 


Substituting, D=16q*f(r,) f(r.)/s. But f(r,)f(r,) takes the expanded 


form 


884+ 1775s + 9 (1,?7q" + 8)S_+17(gryr2+ 8)S, 
+ry!rot + g?r,?7.? + 27 7. + 8%, 
where S,=r,'+r,!, and so on. We have, with a little arithmetic, 
1,%,=28/q, S;= — 3r/2q, S,= (9r? — 168q)/4q?, S,= (— 277° + 72¢rs)/8q*, 
S,= (8114 — 288¢r?s + 1288%g?)/16g*. And, with a little more calcu- 


lation, D takes the form 
— 27r* + 144qr*s — 128q%s? + 256s* + 16sq4 — 4q°r?. 


Exactly this same method may be used in the treatment of the 
important principal quintic, which is often written 


x5 + 5ax? + 5ba+c=—0. 


The discriminant of this equation plays an important part in a 
number of researches on the quintic equation.* The value of the 
discriminant can be computed practically as easily as in the quartic 
case ; the only additional computation is that of an S;. On this 
account I shall not put down the details. The special case a=0 is 
of interest because it gives the Bring-Jerrard quintic 2° + 5ba+c=0. 
The discriminant can now be computed with the aid of the trans- 
formation y=5(a*+6). In fact we may first disregard the factor 5 
and use w=2*+6. Then writing the Bring-Jerrard quintic as 
2 (a*+56)=-—c, replacing 2 by w—b, raising both sides of the 
equation to the fourth power and again replacing z* by w—b, we 
have (w—b)(w+4b)*—ct=0. Without expanding completely, we 
see that the constant term is — (256b5+c*). The application of the 
transformation y=5w simply multiplies the constant term by 5°; 
this, by the result of the first paragraph of this paper, is the negative 
of the desired discriminant. It may be said that the definition of 


* See Dickson, Modern Algebraic Theories, 1926, 245; Kiepert, Journal fiir die 
reine und angewandte Mathematik, vol. 87 (1879), 132. 
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discriminant used in invariant theory would give this result without 
the factor 5°. 

Another important quintic normal form is the Brioschi form 
P+ 1l0ax’ + 45a*x + b=0, to which any quintic can be reduced by a 
suitable transformation. The transformation y=f' (x) is now 


y=5(a2+ 3a), 


but to obtain the discriminant we need only apply w=2*+ 3a. 
This gives the transformed equation 


w® + 5au* + 40a%w — 1728a5 — b?=0. 


Now the transformation z=w? gives a transformed equation whose 
constant term is obviously — (1728a5+6?)*, and y=5z simply 
multiplies this by 5°. The discriminant is then 5°(1728a* + 5?)*. 

A more general quintic form, which includes the Brioschi form, 
and which appears in many writings on the quintic since the time of 
Kronecker and Hermite, is 2°+10ax*+5bx+c=0.* The trans- 
formation y=f’(x) may now be written y=5[(x?+ 3a)? + (b— 9a*)], 
which may be effected by applying in succession the four transfor- 
mations w=2?+3a, z=w*, v=z+(b—9a*), y=5v. None of these 
steps is at all difficult, and the discriminant, which I shall not write 
down here, is easily set up. 

Some more general equations can be handled easily. Thus, for 
z*+ax+b=0, the transformation y=f' (x) reduces to 


y=[-a(n- 1)x — bn]/z, 


and the transformed equation may be set up by replacing z by 
-bn/[y+a(n—1)] and simplifying. It is easy to see, without ex- 
panding completely, that when the first coefficient of the trans- 


formed equation is made equal to unity the constant term will be 
n(n+1) 


b*-1(—n)"—a"(n—1)"-1. Thisis(—1) * times the discriminant. 
For n=5 this gives a second evaluation of the discriminant of the 
Bring-Jerrard quintic ; we did, however, take the quintic in a 
slightly different form above. 

Other trinomial equations may be treated by a device which we 
shall illustrate for 2°+az*+b=0. Our usual transformation now 
becomes y=(—2ax*-—5b)/x. Instead of attempting to set up the 
complete transformed equation, we shall find its constant term, or, 
rather, the product of its roots. Thus 


5 5 5 
Il ¥it= I (—2ax,3- 56)/TT Xj. 
t=1 t=1 t=1 
The numerator may be obtained by setting up the transformed 


equation dans maga to the transformation z= —2ax*-5b. To 
do this, write z°>= —az°—b, replace —az* by (z+5b)/2, cube both 


* See, for example, Brioschi, Math. Annalen, vol. 13 (1878), 143-53. 
t y:(i=1, 2, ... 5) are the roots of the transformed equation. 
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sides of the equation, and replace x by [(z+56)/(—2a)]°. It is then 
easy to see that, when the leading coomennt is made unity, the 


constant term i is 55d5 + 108a5?. Now I ( — 2az,° — 56) is the negative 
of this, and ll x, is —b, so I y, is is 55044 108a5b?. This, since 


n=5, is exactly ‘the discriminant. 
We have already mentioned that, for a general equation of degree 
higher than four, no special device seems to be available for setti 
up the transformed equation corresponding to y=f'(x). We have 
also pointed out that we can then obtain a determinant form for the 
discriminant ; this is as convenient, if an expanded value of the 
discriminant is desired, as any other form. However, our main 
interest in this paper is in the cases where the transformed equation 
can be set up by using some simplified form of the transformation 
y=f (2). R. GARVER. 











940. Nicuoias SAUNDERSON THE BLIND LucasIAN Proressor. Born in 
1682, at-the age of 12 months he was attacked by the universal plague of the 
time, the small-pox, which robbed him not only a sight, but of his very eyes— 
not however of bis intelligence or power of work. 

[At Cambridge] With the good-natured approval of the Lucasian professor, 
William Whiston, ...he formed a class Thich was eagerly attended, and 
lectured on the Newtonian philosophy, hydrostatics, colours, and optics (this 
blind man !), sound, astronomy, “tides 

Whiston was ejected from his chair for heterodox opinions in 1710... and 
Saunderson, the man most fitted to succeed him, was created M.A. by special 
patent in order to qualify for the succession. He was duly elected professor 
in 1711, Isaac Newton at the Mint interesting himself actively in his favour, 
as he had already done for Whiston.—H. F. Stewart ; an article in The Pap- 
worth Annual, 1932, p. 2. [Per Mr. J. Buchanan.] 


941. NicHoLAs SAUNDERSON THE BLIND LucASsIAN Proressor. My atten- 
tion was drawn to Saunderson by the impudent remark made by Diderot the 
French philosopher to father upon him in 1749 an imaginary death-bed con- 
versation with his friend Mr. Gervaise Holmes, in which in answer to Holmes’s 
arguments in favour of the existence of God, Saunderson is made to say, “ If 
you would have me believe in God, you must make me touch him”. Aftera 
long and impassioned discourse of high but hardly Christian morality he was 
seized, says Diderot in his Letter on the Blind, with a delirium which lasted 
several hours and from which he recovered for @ moment to ery, “ O God of 
Clarke and Newton, have pity on me ”’, and died. 

Now Diderot asserts that this record of Saunderson’s last utterance is 
supplied by a work published at Dublin in 1747, entitled, The Life and Char- 
acter of Dr. Nicholas Saunderson . . . by his disciple and friend, William Inch 
cliffe, Esq., and to this he refers those of his readers who understand English. 
Something more than a knowledge of English is required for their satisfaction, 
because the book never existed! Title and author are simply the product of 
Diderot’s imagination. Diderot burned his fingers over this mischievous 
mystification ; it lodged him where he did not in the least wish to find himself, 
the prison of Vincennes, and it excluded him from the body he would gladly 
have joined, the Royal Society of London, the Fellows resenting the imputation 
of scepticism laid upon one of their members.—H. F. Stewart ; an article in 
The Papworth Annual, 1932, p. 3. [Per Mr. J. Buchanan.] 














sas weactuorso|] bt BSEomSe BEBE SE 


- en Qe tie” 2 Bee ot ee oe 





s then 
y, the 


gative 
since 


degree 
etting 
> have 
‘or the 
of the 

main 
uation 
nation 
.RVER. 
sorn in 
: of the 


eyes— 





fessor, 
d, and 
cs (this 


.. and 
special 
ofessor 
favour, 
ye Pap- 








DIFFERENTIAL OPERATORS 257 


THE PROBLEM OF THE CONSTANT COEFFICIENT 
LINEAR DIFFERENTIAL OPERATORS. 


By D. K. Picken. 


1. An article by my friend, Mr. R. J. A. Barnard, of this university, 
in the October number of the Gazette,* impels me to join in the dis- 
eussion of which it is a part. For, while the article in itself is an 
interesting application, to “constant coefficient” equations, of 
methods of wider applicability,t the thesis of ‘‘ avoiding ’’ what is 
plainly the right method for such equations is, I feel sure, a mis- 
taken one : it recalls the fin de siécle game of “‘ dodging the calculus ” 
(from which we seem now to be swinging to the opposite extreme— 
of teaching infinitesimal calculus without sufficient regard to the 
uisite maturity of mental development of the pupil). 

e difficulty of teaching the “ symbolic methods ” well to ordi- 
nary Pass students is admitted. But it is a difficulty to be overcome 
—as essential—rather than avoided ; and the fundamental criticism 
of the text-books, which underlies the discussion in the Gazette, is 
that they fail to establish these methods in such a way as to exhibit 
both their essential significance and their theoretical interest. If 
it is thought fit, they may first be taught as sheer technique, and 
used on a wide range of examples before the details of proof are 
discussed : the method lends itself exceptionally to such treatment. 
But the teacher must himself be sure that he can justify, by proof, what 
he is teaching : that is precisely the crux of this discussion. 

As commonly in mathematical processes, it is the “ inverse ” 
processes that bring the theoretical problems. The essential 
operator of the theory in question is the “ direct ” operator [P(D)], 
where the functional form “‘ P” is that of the general polynomial 
(or integral algebraic expression) with constant coefficients, and D 
denotes the operation of differentiation with respect to the argument- 
variable in question (say, x). This operator has important, simple 
properties—closely analogous to facts of elementary algebra—which 
account for its usefulness ; but these depend, absolutely, upon the 
peculiar simplicity of its polynomial form, and must not be ascribed 
casually to the ‘‘ inverse ’ operator [1/P(D)]. This inverse operator 
—say [Q(D)]—appears to a no significant characteristic pro- 
perties of its own: only such as are inverse forms of properties of 
[P(D)]. Unjustifiable assumption of properties for [Q iby}, precisely 
analogous to those of [P(D)], is the source of errors in its use; in 
particular, the assumption of an ‘“‘ extended Leibnitz’ theorem ” ** 
(which for [P(D)] is an immediate deduction from the case of D*, 


* Math. Gazette XVI, 254 (1932). 
t It is to be observed that the methods used are ore oe to second 
order equations, whereas, of course, the strength of the ‘‘ symbolic methods” is 
their applicability to the general equation of the ‘‘ constant coefficient ” type. 
{ The writer owes early inspiration on this subject (as on much else) to Mr. W. E. 
p, @ former Fellow of Clare College, Cambridge, now Chief Inspector of Schools 
of the Aberdeen District. (This footnote may be regarded as a dedication of 4 sort.) 
** See Underwood, Math. Gazette XV, p. 99 (1930-1), Dalton, ibid., p. 369. 
BR 
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but for [Q(D)] has no such obvious foundation : see § 5 below.) The 
occurrence of such errors has necessarily occasioned considerable 
doubt, and even some disrepute, concerning a theory which is both 
important and aesthetically satisfying. 


o important applications of the inverse operator make clear its 
legitimate uses : 


(1) Its resolution into “‘ partial fraction’ form, for determination 
of a general form of the Particular Integral ; 


(2) Its application to the determination of the Particular Integral 
when the right-hand member, X, of the differential equation 


[P(D)] y=X 
is a polynomial in the argument z. 
2. As to (1), it is sufficient to observe that the algebraic theory of 


partial fractions is essentially a theory of integral, rather than of 
fractional, expressions. The partial fraction form 


1/P(x)=2 {A/(x-a)*} 
is, of course, simply a convenient way of writing the integral identity 
1 = 2A¢(x), where (x- a)’. (x)= P(z). 


For the differential equation theory, it follows that the operator 
[2=A¢(D)}—of the fundamental, direct type—is the “ identical” 
operator, producing no change from the operand. Hence 


[P(D)] y=X=[ZA¢(D)] X ; 
and this is satisfied if 
y= (A.Y), where [P(D)] Y=[¢(D)]X, 
that is, if [D-a]"Y¥=X or D*(Y.e-**)=X .e™, 


whence Txe™, {j ove ho ™. (dz). 


This process we may legitimately express in the inverse form 
y=[Q(D)] X=>[A/(D—a)"]X 
=2{A.e*. 7 (Xe*)} 


=D{A a | ... Xe-**(dx)*}. 


3. As to (2),* we do not actually use the inverse operator [Q(D)] 
but an operator [y¥(D)], of the direct iype, which is its equivalent for 
the particular type of expression X in question—being so determined 
that [P(D).¥(D)] is an “identical” operator, on that particular 
type of operand. 

The polynomial form y is obtained from the formal algebraic ex- 
pansion of Q(x), in ascending powers of x, by taking as the terms of 


* The writer contributed a Note on this case to the Edinburgh Mathematical 
Society, so long ago as 1904. See Proc. Z.M.S., vol. xxii. 
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) The § (2) those of this expansion up to «"— if m be the degree of the poly- 
rable nomial X. We have then 

Bee [P(D)] y=X=[P(D) . y(D)1X,* 

which is satisfied if y=[y(D)]X. 

4. Reverting to the Gazette discussion: it suffers from what 
eS appears to be a rather serious defect, in concerning itself too much 
— with cases in which the second factor (7') of X (Mr. Underwood’s V) 

is a simple “‘ exponential ”’ (or a hyperbolic or circular sine or cosine 

tegral —which amount to the same thing). Is there any valid reason for not 

lation applying to ali such cases the standard method indicated by (B) on 

. 100 (Vol. XV) of Mr. Underwood’s article? Both of the examples 

f discusses yield immediately, of course, to that method (in con- 

junction with that of § 3, above)—as also do those of Prof. Dalton’s 

ory of article. It is surely the best and simplest way of dealing with all 
an of such cases (especially if we accept the principle of § 7, below). 

5. The outstanding question is that of the validity or otherwise of 
the Forsyth formula—of which Forsyth himself does not discuss 
ontity the proof f. 

Puzzling over this question—with an instinctive feeling (con- 
firmed by the cases of breakdown) that the proposition was not 
rator likely to be generally true—I found the key to the situation 
ical ” in Mr. Underwood’s point about the “partial fraction” forms, 

taken in conjunction with the standard method of § 2 above. 

Theform y=[Q(D)] X=>[A/(D-a)]X 

=D[A .e7*/D*] (X .e-7*) 
permits the application of Forsyth’s formula—to either of these final 
jorms—if we can establish its validity for the case in which Q(D) 
is 1/D. 
Now, [1/D](u.v)=([1/D]u).v—[1/DPu.Dv+[1/DPu.D%w-...t 
this being the generalised formula for “integration by parts”; and 
§ this may be written (using J for 1/D and dashes for “ differentiation ” 
m with respect to D), 
I(u.v)=(Iu) .v+lI’'u. Do+I'’u. D*v/2!+... 
—which is Forsyth’s (extended Leibnitz’) formula, for the simplest 
case of an inverse operator. 

Integrating this again and—in the process of integration— 

applying it term by term to the integrations on the right, we get 
aD) [1/DPu.v=({1/D}u) .v—[2/D*]u.Dv+[3/D*]u.D*v—... ** 
nt for —which is, again, Forsyth’s formula, for this inverse operator. 
—_ Apt ageing P(x). y(z)=1 +a finite number of terms in powers of z of degree 


t Something turns on what he means by “ expansible in integral powers ” (3rd 
ic ex- edn., pp. 56-8). 


ar its 





ms of { The usefulness of this and following forms is for cases of v (such as x™), such that 
the expansion (as expressed) is a finite one. 
natical ** In consideration for economy of valuable space, the details of proof are left 


to the reader. 
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The general case required, viz. that of N=1/D", follows at ong 

by an “induction ” if we assume (for the moment) 
N(u.v)=(Nu).v+N'u. Dv+ Nw. D*v/2!+..., 

and integrate—using the fundamental case for the integrations 

term by term, on the right. 

The conclusion is that, while Forsyth’s formula is not necessarily 
valid for the general inverse operator Q(D), as such, it is valid* 
when made subsidiary to the fundamental transformation of § 2, 
above. (This would probably meet Prof. Dalton’s points ; but, for 
reasons indicated in § 4, above, I have not gone closely into that.) 


6. With reference to Mr. Lowry’s Note, No. 1027, one might 
suggest that pupils in their tender years be warned against such 
mathematical solecisms as “ putting D?=12” mechanically (how. 
ever loose may be the habits of authorities who know what they ar 
doing—whatever they may say !) 

What is true, of course, is that 

[ f(D*)] sinh «=f (1*) . sinh x and [ f(D*)] sin x=f(— 1?) .sin x 
—whether the operator be a “‘ P” ora“ Q”’. Butif the operator be 
not of the “ even ” type—as in the example in question—then ther 
are two modes of procedure. The case may be transformed to one 
in which the operator is of the “ even ” type (and the operand some- 
what more—but not seriously—complicated). But by far the best 
procedure—to meet all possible contingencies—is to drive all such 
cases back upon the case, fundamental to them, of the “ expo 
nential ” operand.t 

When this latter procedure is adopted, in the two examples in 
question, it is at once apparent why the pupils “got the right 
answer ’’, from a blind crudity, in the one case, and not in the other: 
t is not a root of #2+2t-—3=0, and therefore the false initial 
did not get its deserts when the operand was sin z (bearing 
upon e+); but 1 is a root of that quadratic, and that sufficiently 
alters the case to make the crudity “ upset the apple-cart ’’, when 
the operand is sinh z. 


7. A last word is the plea for non-avoidance, also, of the unreal 
constants that are an essential part of the theory of these important 
elementary differential equations. 

So-called “ unreal ” numbers are part and parcel of our ordinary 
algebra, from a very early stage; and the equivalence of the 

‘ principal” e“ with cisz is so fundamental to comparatively 
elementary analysis that there is no point in trying to “ dodge 
it. To what extent the difficulties involved have to be faced, se 
how that is to be done, is another story—which merits more dis- 
cussion, perhaps, than it has yet had, but cannot properly be im 
cluded as part of the present discussion. D. K. Proxen. 


* As Mr. Underwood affirmed in his article. Were the grounds of his affirmation 
purely empirical ? 

t XVI, 131 (1932). 

¢ As indeed Mr. Lowry does. 
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‘PRODUCTS ” OF VECTORS. 
By D. K. PIckeEn. 


|. WHENcE these “ products” ? Why one a scalar (actually a real 
number—see below) and the other a vector ? These are interesting 
questions, if once we shake ourselves free from inherited knowledge 
of the facts and become curious as to the why and the wherefore. 

The essential characteristics of ‘‘ products ” are their “ commu- 

tative” and “ distributive ” properties ; and distribution, the more 
specifically characteristic, is plainly the crux of the position. If we 
ask ourselves of what kind of function of two vectors distribution is 
characteristic, we find a pair of such functions lying immediately to 
hand, viz. : 

(1) The resolute, y, of one of the original vectors, 8, in the direction 
of the other, a, being a positive or negative vector in that 
direction ; 

(2) The complementary resolute, 6, in a direction at right angles 
to that of a—to be regarded as a positive (or “ signless ’’) 
vector : 


both of these resolutes being amplified in proportion to the scalar 
of a, as a first step towards the “ commutative ”’ property. 

In §§ 2, 3, we shall take a, 8 to be pure vectors (i.e. vectors of 
which the scalars are real numbers). The more general case is dealt 
with in § 4. 


2. For (1) we secure both of the “ product ” characteristics, in the 
common scalar of the (amplified) resolutes, of a in the direction of 8 
and of 8 in the direction of a. Whence the “ scalar product ” 


a:B=a.b.cos@=f-a 
aand 6} being real numbers. 


3. The case of (2) is less obvious, and therefore the more interest- 
ing. Here we have a vector; 5, with a new direction which is depen- 
dent upon both of the original directions and, in general, different 
from both. But it is not symmetrically related to them, and does 
not therefore itself have the “‘ commutative ”’ property. 

But if 8 be variable—representing vectors £,, 8, ..., of which the 
sum is used in a ‘‘ product ” with a (to be “ distributed ”)—then from 
its (variable) “‘ complementary resolute’, 6 (representing vectors 
4, 5, ..., whose directions are all normal to that of a), we can derive 
yet another (variable) vector, «, equal in magnitude (or, in scalar) 
to 8, coplanar in direction with it, and inclined to it at right angles 
in the standard sense of the plane of these directions (that standard 
sense being determined by a standard screw-correlation with the 
direction of a). This variable vector, «, while clearly conserving the 
“distributive ” property (for the relation of <,+«,+... toB,+f,+...), 
has its direction at right angles to those of both a and £, and is 
therefore to that extent symmetrically related to them. 

But the direction of « is that one, at right angles to those of both 
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a and f, which has the standard screw-correlation with those 
directions, taken in that order. Hence the “ commutative ” charac. 
teristic is only “ all but ” achieved : it fails in respect of sign. The 
“ vector product ” «(=a x) is not equal, but opposite, to the com. 
muted product x a. 


4. The scalar product, as defined in § 2, is a real number ; and the 
vector product, as defined in § 3, is a pure vector. But the results 
obtained may be given wider application (on a standard elementary 
principle) : e.g. 


(1) the vector product of two length-vectors is defined as an area- 
vector ; 


(2) the scalar product of a force and a displacement is defined as an 
energy quantity ; 

(3) the vector product of magnetic induction and current-element 
vectors is defined as a force ; 


the underlying fact in each case being a ‘‘ product” of two pure 
vectors (the measures of the physical vectors in question).* 


5. This is, whatever else, an interesting exercise in clear thinki 
about vectors and scalars, for a generation brought up to be “‘ loose” 
and “ casual” about the distinctions between vectors and scalars, 
and between numbers and physical quantities. D. K. Picken. 


Ormond College, University of Melbourne. 


942. THANK YOU FOR... 

For one very small change in banking practice we may be thankful. Two 
hundred years ago the banks paid no interest at all on customers’ deposit 
accounts; now, of course, they pay nearly twice that.—The concluding para- 
graph of an article entitled “ First English Bank ” in The Daily Mail, Wednes- 
day, 23rd November, 1932; p. 8 of the Manchester edition. [Per Mr. J. E. 
Tarver.] 


943. “ But look, Denise, I can’t understand how you don’t see it. What do 
you want todo? Solve an equation with an z squared in it ? What can you 
do? You can manage a linear ae tion? Well, then...”. 

“I can’t follow, Jacques. Maths. must make one stupid ”’. 

“Nonsense. You must think. What you’ve got to do is to change what you 
don’t know into what you do. Look here : if this trinomial was itself a perfect 
square, then you could transform your quadratic equation into a linear 
equation ?” 

“* Yes, but az* + bz +c is not a perfect square ”’. 

“ Of course not. But can’t we find the makings of a perfect square?” ... 


RENE See - How’s that? 











“ So here you are ”, Jacques was saying, “ z= 


Do you understand now ?” 
“This time I have. Thanks, Jacques. You're a prodigy.” —André 
Maurois, The Family Circle, p. 67. {Per Mr. J. T. Williams.] 


* In each of these, as in other similar, cases, the proposition is a definition of the 

ise use of the term “‘ product ” in the context in question—based on the physical 

Sele of a relationship expressible by the “ product ” relationship between the pure 
vectors which are measures of the physical quantities in question. 
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RELATIVE VELOCITY. 
H. E. Picaorr; C. O. Tuckry. 


Dear Mr. Tuckry,—In my paper read to the Mathematical Associa- 
tion in January, I was critical of a short section in the Report on the 
teaching of Mechanics in Schools. You, as Chairman of the Com- 
mittee which produced the Report, replied in an open letter addressed 
to me and published in the May number of the Gazette. I think a 
rejoinder is due from me ; otherwise, readers of the Gazette will take 
it that I am wholly convinced by your reply, whereas I am only 
ially so. 

I think it was Cardinal Newman who said that most controversies 
are verbal. I think ours turns on the use of two words. The first 
is ‘ fictitious ’ used in a special sense. Of course, in these Relativist 
days, we regard all velocities and accelerations as ‘ fictitious’ in 
the sense that none are ‘ real’ that is, absolute. The crux is, what 
exactly is meant by the word as it is used on page 46 of the Report 
in the sentence “ Finally, the method makes it quite unnecessary to 
have any dealings with fictitious forces”? I may be quite wrong in 
my interpretation of this sentence. I can best illustrate what I take 
it to mean by sketching the solution by the condemned method, as 
I understand it, of the first problem on that page. 

“ A mass M is dragged up a fixed smooth inclined plane by a mass 
m hanging vertically.” Let f be the acceleration of m downwards 
and of M up the plane. Reverse f so as to reduce the system to rest. 
Thus on m we have the (fictitious) acceleration f upwards and so 
the force mf upwards. The three forces mf, and T both upwards and 
mg downwards forma set in Statical equilibrium. Hence mf + 7’ =mg. 
Similarly for the forces on M. 

Let us now consider a simple Relative Velocity problem. There 
are two ships A and B moving along given courses with given speeds. 
To obtain the velocity of B relative to A, we may imagine a current, 
affecting both ships, of velocity equal and opposite to that of A. 
Thus A is ‘ reduced to rest.’, and the velocity of B relative to A is 
obtained by compounding B’s (earth) velocity with that of the 
current, 7.e. that of A reversed. This is, therefore, the relative 
velocity required, since this cannot have been affected by the 
introduction of the common current. Now. I cannot for the life of 
me see that this current is not a ‘fictitious’ velocity in the sense in 
which the (reversed) acceleration f and the force mf were fictitious 
in the first problem. In your letter, you suggest that A’s velocity 
reversed is not fictitious since it is the velocity of the water relative 
to A. Inthe same way, may I not argue that the imaginary upward 
acceleration f imposed on m in the first problem is not fictitious 
since it is the acceleration of the vertical edge of the inclined plane 
as seen from an observer on the descending mass m ? 

But there was a word which I used, quite incorrectly, which has 
been, I think, the underlying cause of our disagreement. I wrote 
“It would have been more logical if the compilers of the Report had 
avoided recommending the use of a fictitious velocity on page 39 ”’. 
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No question of logic here arises. The word I should have used is not 
‘logical’ but ‘consistent’. Your reply contains, by implication, 
an answer to that. There is no merit in consistency, as such, in this 
connection. The main consideration is expediency, or, as you put it, 
classroom experience. When the Committee decided to recommend 
no dealings with fictitious forces, they were thinking, I take it, in 
terms of a School course on Mechanics. There are problems which 
turn up in a specialist or University course which are best attacked 
by this method. For instance, there are problems dealing with the 
motion of a particle on a moving curve of constraint. In Routh’s 
Dynamics of a particle, there is a section on this (Chapter 4, section 
197), and the phrases ‘reduce to rest’, ‘ fictitious accelerating 
force ’ are used in the same senses as I have used them above. So 
there are Relative Velocity problems which are best attacked by the 
reversed-velocity method. For instance there is the problem of 
‘nearest approach ’. A ship A observes a ship B on a given bearing. 
B’s velocity is such that A (whose speed is known) cannot overtake 
her. What course should A follow so as to approach within the 
shortest range of B? Problems such as this do not come into the 
ordinary School course. The main contention of my paper was that 
just as it leads to clarification of ideas to work problems on the 
Second Law of Motion by the method suggested in the Report (with 
no use of fictitious forces), so it leads to similar clarification to work 
easy problems on Relative Velocity by the use of a single principle 
(Velocity of A compounded with Velocity-of-B-relative-to-A gives 
Velocity of B) without the reversed-velocity modification of it. As 
you say, this is a matter of opinion—of classroom experience—and 
there, if you are satisfied, the matter may rest so far as you and I 
are concerned.—Yours sincerely; H. E. Piaeorr. 


Dartmouth, 19th June. 
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DER Mr. Piacott,—It is certainly a fiction to suppose that there 
is an observer on the descending mass m, while it is a fact that there 
is an observer on the ship A. It is perhaps a fiction to suppose that 
the man on the pier can see with the eyes of the man on the ship, 
even though he does it on irrefragable mathematical principles. 

The matter may perhaps be put thus. 

To find the velocity of the ship B relative to the ship A we 
compound two velocities. 

(1) The velocity with which the ship B is ploughing tts way through 
the water. 

This is absolute and independent of the observer. 

(2) The velocity of that water as seen from A. 

This is relative and depends on the observation being made 
from A. 

These two velocities are compounded in the usual way and there 
is nothing fictitious about them. 

The difficulty is for the man on the pier to find the second of these 
velocities. Here the reversing principle comes in; the second 
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velocity is the velocity of A, but reversed. Of course if this velocity 
is thought of as that of a current which brings A to rest, then an 
element of fiction has entered in, but there is no need to put the 
matter in this way. 

The main question as to which is the easier way to teach these 
matters to beginners, we may well, as you say, leave to be decided 
by the experience gained in the classroom.—Yours sincerely, 

C. O. TuckEy. 








944. “‘ When Mr. Johnson felt his fancy, or fancied he felt it, disordered, his 
constant recurrence was to the study of arithmetic; and one day that he was 
totally confined to his chamber, and I enquired what he had been doing to 
divert himself; he showed me a calculation which I could scarce be made to 
understand, so vast was the plan of it, and so very intricate were the figures : 
no other indeed than that the national debt, computing it at one hundred and 
eighty millions sterling, would, if converted into silver, serve to make @ 
meridian of that metal, I forget how broad, for the globe of the whole earth, 
the real globe.” —Anecdotes of Samuel Johnson by Hesther Lynch Piozzi, Cam- 
bridge Miscellany edition, 1932, p. 53. [Per Mr. F. P. White.] 


945. DouBLE Acrostic. 
“ The —— and the 
Fall to them as you find your stomach serves you.” 


1. If sought 
Put dy/dx=0. 





2. Measure you may trace ; 
Backward—time, forward—space. 


3. 23 —a® =ary 
Graph it and its shape descry. 


4. A curve; had it ended in e 
A figure of speech not space would be. 


5. Two is one 
Lots of fun. 


6. Distance or time 
There’s a curve in the line. 


7. If I say “I lie” to you 
Is it false or is it true ? 


8. A seat, a man, a speech, a set of verses, 
Now an exam. divided into classes. 


9. What in scale eleven 
Is 3612 (scale seven) ? 


10. The degree 
Of 3. 


ll. Five there are 
Regular. 


One light reversed. 
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MATHEMATICAL NOTES. 

1081. A Trigonometrical Equation. 

The following solution of a trigonometrical equation was shown 
up to me lately. I convinced the boy that it was wrong, but it was 
not easy to make him see why it was wrong. Some of your readers 
may like to suggest explanations. 

COS 9+ sin O=1+-SiM 24. ...........cceeccceceees (i) 

Hence cos 8+ sin @= cos? 6+ sin? 0 + 2 sin @ cos 6 

= (cos 6+ sin 6). 
Thus ons Oqatin Oai® On be: siie. i. isi Wisi cbicdiie detains cis (ii) 
So, by (i) 1+sin20=0 orl, (iii) 
sin 206= —1 or 0, 
and 26=2nx — 4x or nr, 
hence Ox Re — OF OB GWE. nocccccsnceceerescnsegesees (iv) 


Now, by substitution, — 47, —* are not roots. 
I showed the boy the following : 


2=2?; 
therefore ==0'or 1, 
and by (v) xz*=0 or Il, 


which seems to give x=0 or +1, but —1 is clearly not a root of (v). 
A. W. 8. 


The solution shows that if (i) is true, (iii) is true, but it does not 
prove the converse. The step from (ii) to (iii) is irreversible. 

Even the boy who realises the danger of an irreversible step may 
find difficulty with this example. Perhaps he feels that he can get 
back from (iii) to (ii) because (i) is true ; the fact is that he has failed 
to ensure that (i) 1s true by solving (iii) instead of (i). 

Instructive examples of this kind seem to occur more frequently 
in trigonometry than elsewhere, but I add a couple of equations of 
another kind : 


(a) Solve log x=2 log (x - 6). 
(6) Solve 4/(x+a)+ 4/(x-—a)=a, for z in terms of a. A. BR. 


1082. The Regular Heptagon. 

Here is a Mascheronic construction for the seventh part (nearly) 
of a circle with radius OA. 

Draw the semicircle OBCD with centre A ; find EH where OF =00 
and DE=DB; on the arc CE take F where DF=AE ; with centre 
F draw DLM cutting (A) at L and (O) at M ; and from the arc MA 
cut off MN and NP each equal to OL. 


Then, withOA for unit, A P?= (61 — /46)/72, and AP =-867769.... 
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It should be -867767 ...; thus the approximation is not so good as in 
Note 1062, but in practice the simplicity of the figure might make 
up for that. 
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The classical construction must be Réber’s—not only because 
(iv) Réber believed that it was known in ancient Egypt, but more 
ite because Sir William Rowan Hamilton, in the midst of Quaternions, 
found relaxation in calculating (with unstinted decimals) how far it 
missed perfection. He found that the seven successive chords, duly 

(v) drawn within a circle, would leave a gap of just over half a second of 
ae arc: about fifty feet if the circle were the earth’s equator. Réber’s 
diagram needs rather elaborate drawing, though Hamilton thought 
it “ not very complex ”’. See Philos. Mag., February 1864. 

C. E. Younemayn. 





of (v). 
W. 8. J 1083. A note on some circles connected with a triangle. 
1: man In Note 997 some elementary geometrical constructions were 


given for the solution of special cases of the problem, ‘‘ To draw a 
> may circle which cuts off chords of given length from the sides of a 
in get triangle’. It was pointed out that these might have been obtained 
failed by algebraic methods from the equation 


a (a? — 12) + b (a? — m2)? +. c(a®—n*)'=2A, dicts eeal (i) 


a where 21, 2m, 2n are the given lengths and z is the radius of the 
circle required. 
There is a special case in which this method can be used to give 
three further solutions of the problem. 
A. R. Suppose 21=a, 2m=b, 2n=c, so that the circumcircle is a solution. 
Write z= RA, a=2R sin A, etc., and (1) takes the form 
Ysin A(A?—sin?A)'=2sin Asin Bsin@. ........:... (ii) 
— Now reduce the number of radicals by the substitution 
= \2~ sin?C)' =p + cos C0 
entre ( tine 


(where »=0 gives the solution x= R) and we get 
sin A (42+ 24 cos C+ cos?.A)* +sin B(p?+ 2p cos C+ cos? B)* 
=sin C {c0s(A — B)—p}.  ..rccccccceseececeeee iii 


c MA 
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Squaring and removing the factor 2 sin A sin B, we are left with 
p* cos C+ 2u—cos A cos B 
= — (u?+2ucos C+ cos? A)? (u2+2u cos C+ cos*B)?, 
Squaring again and taking out the factor p sin? C, the final equation 


for p is 
p3 — 3+ 2cos(A — B)=0. 


Hence p= —2cos 8 
where 6=4(A —-B), or }(A—B+2r), or 4(A—B+4r). 
Taking the first value of 6, we find that 
x= R,/(1 — 4 cos 6 cos C+ 4 cos? @) 
= R+/{1 — 8 cos $(A — B) cos (7 + B— C) cos (27+ C— A)} ...(v) 
and that the corresponding centre is at distances 
R {cos*¢ — 8 cos $(A — B) cos }(7 + B— C) cos (27 + C — A)}* 


(=A, B,C) 
from the sides BC, CA, AB respectively. 

Thus whatever the sides a, b, c, the three circles are all real, and 
from (v) it may be shown that the sum of the squares of their radii 
is 9R?. 

This may be verified by rationalising the equation (i) expressed in 


the form 
Sad (y— ja*)=2A 


when it will be found that the sum of the four values of y is 10R?. 
B. E. LAWRENCE. 


1084. An Extension of Morley’s Theorem. 

The proof of Morley’s Theorem given in the Math. Gazette, 1925, 
p. 391, showed that the theorem was a consequence of the tri- 
gonometrical identity }sin 34= sin 6 sin (60° — 4) sin(60° + @), which 
follows from the fact that sin , sin(60°-—¢), —sin(60°+ 6) are the 
three roots of the cubic in sin 0, sin3¢=3 sin 6 — 4 sin? 6. 

By dividing the angles of a triangle into five equal parts, we can 
obtain a geometrical relation illustrating the similar identity derived 
from sin 56=5 sin 6 — 20 sin* 6+ 16 sin®6, namely, 


7's Sin 50=sin 4 sin (6 — 36°) sin (9 + 36°) sin (0 — 72°) sin(@+ 72°). 

In the triangle ABC, let the dividers adjacent to the sides meet in 
X, Y, Z, and let lines XX,, ZZ, making angles of 36° — 1B with CX 
produced and AZ produced (both measured towards AC) meet the 
other dividers of the angle B in X,, Z, and each other in Q. 

Then the above identity is equivalent to the fact that 

Q2,=QX,. 
For 4 BXX,=36°+ 50, .BX,Q=36°+1B+10C, 
=72°- 4A. 
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sin(36°+3C)  sin(72°— +A)’ 
Z op I ii inci. 
~ gin (36° — 3.4) sin (72°- 4A)’ 
px, _2Rsin A sin(36°+ 40) sin 30 

1” sin (36° — 4A) sin(72° — $A) 

=32R sin A sin(36° + }.A) sin(72° + }A) sin $C sin (36° + ¢C), 


from the given identity. 
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Hence 
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From the similar expression for BZ,, we have 
BX, _sin(72" + 5A) 
BZ, sin(72°+4C)" 

Hence as }B+ (72°+1A)+(72°+4C)=180°, the angles of the 
ABX,Z, are: 

4 BZ,X,=72°+4A, 4 BX,Z,=72°+ C. 

Thus LQX,Z,=72° + 3C — 36° — 4 B-4C, 

=36°- 5B, 
= 4QZ,X,, by symmetry. 

Therefore QX,=QZ,. 

If we continue the construction by drawing ZP, YP making 
angles of 36°—1A with BZ, CY produced, and YR, XR making 
angles of 36°-10 with AY, BX produced, we get a hexagon 
XRYPZQ, which possesses a number of interesting properties of 
symmetry. 

It is easily seen that the angles of the hexagon are 108°, 108° + £C, 
108°, 108° + 2.4, 108°, 108° + 2B. 
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From the expression found for BX,, we find 
XX,=32R sin 1A sin }B sin }C sin (36° + $A) sin(72°+ $A), 
which is symmetrical in B and C. 

Hence XX,=XX;,. 

Coupling this with the result QX, = QZ, we see that all the dividers 
of the angles of A ABC cut the sides of the hexagon in points equi- 
distant from the corresponding vertices of the hexagon. Also the 
sum of three alternate sides of the hexagon is equal to the sum of the 
other three sides. 

It will also be found that 

X,Z,=32R sin tA sin 1B sin}C sin (36° + 1.4) sin(36°+ }C). 

If we consider the inscribed hexagon X,X,Y,Y,Z,Z,, we find that 

the angles are 


0, B jae, 8B o,A o,A o,f jg, 8 
108°+=, 108°+=, 108°+=, 108°+=, 108°+=, 108°+-. 


The ratios of the lengths of the sides are also quite simple 
expressions. 

It might perhaps be supposed, by analogy with Morley’s Theorem, 
that if the second dividers BX,, CX, meet at X’, and Y’, Z’ are 
similar points, there might be some simple relationship between the 
triangles XYZ, X’Y’Z’. Such, however, is not the case; the 
triangles are not even in perspective in general. 


H. V. Mattison. 

1085. The Converse of Pythagoras’ Theorem. 

In Note 1036 Mr. Chignell calls attention to the fact that there 
are triangles, (viz. those in which one side is of zero length) in which 
it is true that a?=6b?+c?, but it need not be true that A=90°. 

In the same triangles, it may be remarked, although two sides are 
equal, the anv les opposite them need not be equal. 

If recipients of the Gazette leave their copies on their desks, it may 
be that some prying Fifth Form boy has espied this astonishing 
revelation of the weakness of Euclid’s logic and his faith in the 
mathematical instruction he receives has been rudely shaken. But 
a modicum of trigonometrical knowledge may serve to restore it. 

Thus in any triangle a*?=6?+c?—2ab cos A ; if a?=b?+c*, then 
2bc cos A=0 and either b=0 or c=0 or A=90°. 

That is to say, the truth of the converse of Pythagoras’ Theorem 
is alternative to the possibility that one side is of zero length. 

Again a/sin A =b/sin B, 
if a=b, sin A=sin B and either A=B or 180°-—B. 

I.e. the truth of Euclid’s Fifth Theorem is alternative to the possi- 
bility that two angles of a triangle are supplementary. 

And the prying boy may learn, if he does not already know, that 
the algebraical solution of a geometrical problem will disclose all 
the possibilities, some of which may not be apparent in a geometrical 
figure. F. C. B. 
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1086. An Approximate Construction for ‘‘ Squaring the Circle ”’. 


The following construction is very simple, but original so far as 
I know. 





A Oo F B 


In a semicircle on diameter AOB, take C on the circumference so 
that BC=— BO, the radius ; on the chord AC, take EF so that CE is 
equal to the radius, and on AB take F, so that EF is equal to the 
radius. Draw FG at right angles to AB, G being on the circum- 
ference. 

Then with unit radius 


AF=}{3- 3+ V/(2/3)}, 
and AG?=3 — 3+ (2/3). 
For AFG, AGB are similar, and so AF: AG=AG: AB, hence 
A@=2AF, since AB=2. 
And AG? = the area of the circle, with an error in defect of about 
lin 250; and AF = }r=half the are AB. P. J. Harris. 


1087. Differential Equations. 


In reply to Miss Cave’s Note 1064 (Math. Gazette, XVII, February 
p. 51), I naturally looked into the method of using a solution 
0 


d: 
4a Y + by =0 


as an integrating factor of 


4 +a 2 +by =X. 
But Miss Cave will find that when the auxiliary equation has com- 
plex roots, which is always the troublesome case, the use of the 
integrating factors 

exp(4axz)cosnx and exp(}az) sin nz, 
where 4n? = 4b — a?, is much too difficult for pass students. 

I may add, what may not have appeared from my article, that 
the method I finally adopted for showing how to obtain a complete 
solution was the third one given, as I came to the conclusion that it 
was the easiest. R. J. A. BaRNarp. 
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REVIEWS. 


The Case against Einstein. By Artruur Lynon. Pp. xxx, 275. 10s. 6d, 
1932. (Philip Allan) 

The first Duke of Wellington once naively remarked that in his position as 
Chancellor of the University of Oxford he had been much exposed to authors, 
Longo intervallo, our own small affairs have exposed us to the notice of the 
paradoxer and the sciolist, and have given us some little skill in detecting the 
marks of the tribe. The insinuating approach ; the appeal to pure reason— 
accompanied, on occasion, by a “ strike but hear ” attitude ; a tendency, not 
unfamiliar to Bellocians, to quote obscure authorities in rather pained fashion 
(“Is it possible that you have ventured to dogmatise on this subject without 
having made a careful study of the illuminating researches of Professor von 
Borborygmus of the University of Gwent ?”’); an incurable slipshodness in 
citing authorities or illustrations—these are some few of the outward signs 
which serve to identify the individuals of the clan. Perhaps their outstandi 
characteristic is the egotism which permeates their writings—an egotism whi 
shows itself in many ways, but chiefly in the inordinate use of phrases of the 
‘I agree ’’, “I dissent ’’, “I join issue” type. It was, we believe, a custom 
of the late Bishop Creighton to encourage hot argument at his family breakfast 
table. But in the instant that an interdicted phrase was spoken, the Bishop 
would issue the command, “ Rap that fellow on the head with a spoon. Who 
cares whether he agrees or not!” A wise discipline. 

This egotistic attitude dominates Dr. Lynch’s book. The effect on the reader 
is cumulative, but it may be appreciated from an example, and we quote 
below sufficient of the text of his description of a lecture by Einstein to illus- 
trate fairly Dr. Lynch’s manner. 

“... on @ certain evening ... by gracious favour I was admitted to hear 
Einstein lecture on his principle of Relativity at King’s College in London. ... 
The whole affair was well stage-managed, just as I used to note in the House 
of Commons when Mr. Asquith rose to speak. Einstein ap in modest 

ise, and I conceived a liking for the man, a liking since co ed by M. Paul 

ainlevé—a man of genius, that—who lately spoke to me of Einstein's 
courtesy, equal indeed to his seriousness of purpose.... His exposition had 
an air, quite a deceptive air, of lucidity... But he spoke in German of which 
language not ten per cent. of his audience knew enough to follow him ; not 
ten per cent. of these knew anything of physics or mathematics ; and of these 
again how many could suhemaal the psychological assumptions that la 
deep at the base of the doctrine ? I hesitate to answer because I do not with 
to y Aeedhrnete anyone. At the University of Berlin it had fallen to my lot to 
study these three subjects, and it had been an essential part of my original 
work on psychology to free myself from the shackles of that Kantean psycho- 
logy that, I perceived, still marked the limits of Einstein in that domain; 
therefore I knew at least what he was saying.... I listened in absorbed 
attention, sometimes delighted with his philosophical detachment, sometimes 
disconcerted by the want of cogency of his argument. In this I was reminded 
of a spectacle of a few years previously, when I had listened to Bergson speak- 
ing to a similar audience . . . and it was the evidence of this want of discrimi- 
nation between the gold and the dross that settled my opinion for ever with 
regard to the value of professorial pronouncements. I cannot say that the 
obscure portions of Einstein’s address had the greatest effect at King’s College, 
because so few understood even the lucid .... After the lecture! 
met a great pundit . . —I asked him in all innocence what he thought of it. 
‘I think’, he replied, with an air of wisdom such as no man ever 

‘I think that there is something in it, something in it that de 

thought ; and that, where well founded, may be accepted !’ ” 

The “‘ great pundit” may or may not have understood his Einstein; Dn 


{ 








cary 


RFRSAT FSFE FE 


S8BS8S8R88 SES FTES 





REVIEWS 273 


lynch’s own report makes it abundantly clear that he understood his Lynch. 
But is it surprising that, after reading page on page of a work in which the 
suthor’s mental attitude is not unfairly represented by this citation, one senses 
the presence of the shade of the good bishop, and hears again his words of 
command ? 

We do not propose to examine Dr. Lynch’s thesis in detail—that were a 
fatal tactic, the consequences of which may be studied in the correspondence 
between ‘“‘ Eminent Mathematician” and James Smith, Esquire, of the 
Mersey Docks and Harbour Board, in a volume which may still be picked up 
by the diligent searcher of the bookstalls. It will serve our purpose equally 
wll if we investigate Dr. Lynch’s ability to expound the mathematical 
doctrine of Relativity to a non-mathematical audience. We say non-mathe- 
matical advisedly ; otherwise, to what purpose is it to spend sixteen pages of 
his book—one-seventeenth of the whole—on an elementary exposition of 
Cartesian coordinates and of a differential coefficient as the limit of 


[f(@+h)-f(a)]/h, 


with some account of the inverse operation ? 

More suo, Dr. Lynch asserts—an assertion that serves as a measure of his 
acquaintance with modern methods of teaching—that ‘‘ Mathematicians still 
invest this Calculus with mystery ”’, and goes on to ask, “‘ Is it possible, con- 
sidering that mathematicians sometimes study for long without clear appre- 
hension of the principles of the differential calculus, to give in a brief space, to 
the intelligent layman an idea, however rudimentary, of the principles of its 
action ? This is advisable for the consideration of some of the subsequent 
chapters ; therefore I will, after commending myself like Esther to a tutelary 
power, and facing the worst—‘ If I perish, I perish ’"—make the attempt ”’. 

If Dr. Lynch’s book is addressed to mathematical students, such a dis- 
cussion is totally unnecessary. Suppose then that it is addressed to students 
who are lacking in a knowledge of these elementary matters, and who are 
ingenuous enough to assume that a study of these pages will assist them to 
comprehend the higher flights of relativist doctrine. We find it difficult to 
estimate the depth of the mental fog of a reader who, reaching Chapter XVI 
(presumably one of the “ subsequent chapters”) on the development of the 
mathematical instrument, reads nine pages of qualitative discussion in which 
no symbol more complex than ./—1 occurs and then finds himself confronted 
with the blast of symbols contained in the statement (p. 220). 

“A quadratic form is represented thus, 


gis dat dad =g,, dx dx’ + gyda" da? +... + 9nq da” da”, 


the coefficients g being functions of the z.... If we transform the expression 
in terms of another system x preserving the invariance, we find,* 


9ii dx*t dxi =gab dx* da?, 


then since, by the usual law of transformation, the terms of the right are indi- 
cated by 


Qx® Ox? 5 
gab aaj tt dx, 
we get 
re , ox* Ox? 
9ij =9% Si’ Dal” 


*In spite of his undoubted gift, Dr. Lynch is at fault again and again in the 
neg J of the symbol that comes first on the right-hand side of the formula 
ich follows. 


8 
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gab is a simple tensor.... If we differentiate g‘/ we get an expression 


Oy ‘Ogab Oa Ox? Oat Ou* 2% 5 gab + Ox? 
Gat Oat * Oat” Cal’ Sak +9 Se age x +9” Oat t Gat ca 
This, however, is not according to the definition, a tensor ...”’. 

And so forth—comment is needless. 

But Dr. Lynch’s critical knowledge of one, at least, of the works which he 
has studied cannot be summed up more neatly than in his own statement that 
“| have spent two years reading a half-page of Clerk-Maxwell, that is to say 
I had in the meantime to gain understanding of the subjects—differential 
equations in general, harmonic functions, quaternions, on which he drew for 
his exposition ”’. 

A most illuminating remark to those who are well acquainted with their 
Clerk Maxwell ! 

The publisher’s blurb may bravely proclaim “ Here is a book which im- 
mediately sweeps away an existing theory which has secured world-wide 
fame”. Opinion for opinion, we venture to prophesy that the influence of the 
book on the development of relativist doctrine will be negligible, and that in 
due season it will find its way to that limbo for forgotten works, the catalogue 
of the remainder bookseller. ALLAN FErcusoy, 


The New Background of Science. By Sm James Jeans. Pp. viii, 303. 
7s. 6d. 1933. (Cambridge) 


In this book of eight chapters, with a happy fluency which must be the envy 
of any scientific writer, Sir James Jeans discusses atomic and macroscopic 
physics, relativity, wave-mechanics and the uncertainty principle, against a 

ackground of philosophy. Most of the discussions are conducted in non- 
mathematical language. The book abounds in attractive comparisons—every 
reader will be pleased with the matrix constructed of the mileages between 
pairs of railway stations, and the picture of a railway headquarters obtaining 
statistical knowledge of the use of its system from the tickets given out and 
given up, offered as an illustration of the way a spectroscopist obtains know- 
ledge of the energy-levels of an atom, from the wave-number differences given 
by its spectral lines. Or again, there is a peculiar appropriateness in Jeans’ 
hypothetical chase of a debtor John Smith, who decamps with three days’ 
start, and is successively located in a number of “ fogs ”’ (regions of statistical 
probability of his presence), which are ultimately annihilated by a casual en- 
counter with John Smith himself—this being an illustration of the annihilation 
of waves of photons by the observational location of a photon at a point of a 
screen. Where mathematical formulae are used, it would however have been 
better to assume outright that the reader is fully acquainted with the meaning 
of complex numbers, differentiation and partial differential equations—as he 
must be to understand the text—rather than to attempt to introduce to a 
hypothetical mathematically-coy reader the elements of differentiating a 
product, exponentiating “‘e”’ or expanding e# as cos 9+isin 6. The schools 
and universities of the world have diffused, we hope, if readers of this Gazelle 
have not been wholly unsuccessful in the teaching of mathematics, a certain 
modicum of mathematical science amongst the human race, and there is no 
more need for Jeans to apologise for a mathematical formula than for a Latin 
proverb. Every schoolboy with a little mathematical equipment knows that 
there is nothing mysterious about ,/ — 1, yet Jeans is thrill with the thought 


that there is something in the various square roots of —1 which “ fits ” nature 
in some occult way. 

This raises the question : for whom is the work intended ? Let us take the 
sections dealing with “special” relativity. Either the reader is already 
familiar with this subject, in which case his clearly-cut ideas may be 
blurred by Jeans’ discussion, or he is quite ignorant of it, in which case 
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he is entitled to be presented with a true and fair account. Now Jeans’ 
ges do not convey an account of this character. The special theory of 
relativity has nearly thirty years of respectable history since its precise formu- 
lation ; it is not particularly new or difficult—yet Jeans nowhere nts it as 
essentially an analysis of measurement. The special theory of relativity does 
not in the least require any observer to abandon his intuitive concepts of space 
and time as constructed out of his own measurements, as Jeans indeed admits ; 
it shows an observer how to correlate his measures with those of another 
observer in uniform relative motion. Jeans says that the Lorentz formulae 
show that an object is shortened in the direction of its motion ; actually what 
they assert is that the same object has different length-measures, according to 
the motion of the observer. Jeans’s whole thesis—no new one—is that we do 
not describe nature, but only our knowledge of nature. Yet he never specifies 
the simple steps by which length- and time-measures are attached obser- 
vationally to an event. Jeans has a section called “ objective space-time ”. 
Yet all he shows is that the space-time of special relativity is a synthetic con- 
struct, a map intended to give a unified view—a foisting of some quality of 
permanence on nature quite outside our sensory experiences. No particular 
individual makes a “‘ private choice ” of time and space ; his experiences of 
both are not optional. Nothing stimulated me more than when I first read 
Jeans’ account, in his splendid Dynamical Theory of Gases, of conceptual many- 
dimensional space as a means of describing systems of particles ; it is the more 
surprising that he does not recognise the conceptual character of space-time. 

Jeans says, “‘ not only have we no means of discovering when a body is at 
rest in space, but there is every reason to suppose the phase is rant: ta *s 
again, ‘‘ nature is such that it is impossible to measure an absolute velocity by 
any means whatever”; again, “‘ the picture which modern physical science 
draws of nature contains no reference to either absolute or absolute 
time”. Yet later he says “‘ when astronomical science studies the universe 
as a whole, it may draw a slightly different picture ” (our italics), and he goes 
on to maintain that the world as a whole contains a unique mode of separation 
of time and space, ‘‘ which we may now designate as absolute time and space ”’. 
In that case it does become possible to measure an absolute velocity. But 
how ? Jeans’ later position is in complete, not slight contradiction with his 
earlier one. He nowhere shows how the Michelson-Morley experiment must 
have gone wrong or how we are to measure or define an absolute velocity. 
This is not remarkable, because as he never defines space he is never in a 
position to say what he means by “‘ expanding space”. He falls uncomfort- 
ably into the sea of mystery of current interpretations of the e ding 
universe, and quietly drowns. It would have been better to admit frankly that 
the special theory of relativity and the inferences sometimes drawn from the 
expanding spherical-space picture are in conflict. 

He observes “‘ it is not necessary to travel round space to obtain a convincing 
proof of its curvature ”’ (our italics), but his discussion tails off into admitting 
that we have no objective means of drawing straight lines or of measuring 
their lengths, and finally that this line of thought will not enable us “ to test 
whether space is curved’. This method of presenting as convincing a certain 
conclusion and then failing to substantiate it can only be described as unfair 
to the reader. Jeans’ difficulties have the same origin as above. He does not 
define what he means by flat physical space, so he cannot say how to detect 
curved physical space, and so fails to recognise that once again he has forgotten 
the conceptual character of his construct. He professes always to be dealing 
with the external world, but perpetually feeds the reader on ghosts. He speaks 
of the distant nebulae as “‘ straws floating in the stream of space ”’, showing us 
which way its currents are flowing. A beautiful image—but is this not the 
return of the aether whose abolition was celebrated earlier in the book ? 
Again, how does he reconcile his views on the relativity of time with his dis- 
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cussion of the “ final” state of the world ? For what observer is the state he 
discusses a final state ? For all observers, or only for some observers ? The 
consideration of this question goes much deeper into the range of validity of 
the second Jaw of thermodynamics than Jeans’ treatment would suggest. 

The unwary reader may gain from this work a feeling of security in know. 
ledge which is the very negation of scientific advance. It was not Jeans’ fault 
that neutrons and positive electrons were discovered presumably whilst this 
book was in the press. Yet to say that 18 protons and 18 electrons form a 
molecule of water conveys to the uninitiated reader a totally false impression 
of atomic structure, and obscures the fact that even at that stage we did not 
know whether the nucleus contained electrons at all; there is every expecta- 
tion now that it contains neutrons, and it is not at all certain that a neutron 
is not a primary particle. Jeans’ method of passing directly from the child’s 
crude sense-data to the inferences from the last technical methods of experi- 
ment, omitting all intermediate steps, is just to ask for trouble. A genuine 
philosophical treatment should be the reverse of cocksure ; it should provide 
for more possibilities than the contemporary stage of science has disclosed, 
There are still ‘‘ more things, Horatio....”. 

The fact is that Jeans has not thought things out for himself. This book is 
one of complacent exposition. The reader will find here none of the dissatis- 
factions, the questionings, the self-criticisms, the thought-rebellions that 
provoke scientific advance. The attitude of the book is priestly, not 
phetic. It expresses the attitude not of a new background, but of the old back- 
ground of human thought, in its cherishing and exaltation of present, fashion- 
able views. And of science itself, the Einstein-Heisenberg applications are new, 
but the background is that of Hume in a former century, Whitehead and 
Russell in ours. In this book Jeans’ service to science though valuable is 
lip-service. If Jeans would but write a disquieting book, how we should 
forward to it! What the present stage of science needs—and none could do 
it better than Jeans, with his wide mathematical experience—is an acute piece 
of comparative criticism. E. A. M. 


Lehrbuch der Funktionentheorie. II,2. By W. F. Oscoop. Pp. ix, 
309-686. RM. 22. 1932. (Teubner) 


The sub-title of the second part of Volume II of Professor Osgood’s treatise 
on the theory of functions is “Abelian Integrals and Periodic Functions”. 
A reviewer's principal duty in considering a work on such a classical branch 
of mathematics is to indicate the place that it occupies in the existing literature 
on the subject. In Professor Osgood’s hands the subject takes its place asa 
special and very elegant branch of the general theory of functions. This 
enables him to avoid the very necessary but tedious preliminaries concerning 
the branches of a curve and the construction of Riemann surfaces, which 
have been dealt with in his earlier volumes. For this anyone with an elemen- 
tary knowledge of the subject who wishes to go more deeply into it for some 
special purpose—such as, for instance, the applications to algebraic geometry 
—will be thankful, as he will feel that he can get right to the heart of the 
subject at the commencement of this volume. Unfortunately, however, he 
will soon find that he is expected to have some knowledge of automorphic 
functions, and this no doubt will be a stumbling-block to many who would 
like to cut in at this part of the treatise. 

The volume is therefore an integral part of Professor Osgood’s treatise, and 
to read it one must know most of what has gone before. But it is not by 
any means a repetition of the usual few chapters with which we are familiar 
in every Cours d’Analyse. The subject is developed with a completeness 
which is rare in such works, and subjects which do not always appear in speci 
text-books on algebraic functions find a place in this book. In fact a reader 
who has absorbed what Professor Osgood has to tell him may certainly feel 
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that he knows most of what is known on the subject of Abelian integrals and 
allied theories. 

Perhaps a brief summary of the topics of various chapters will not be out 
of place in a review of a book on such a familiar subject, as it will help to make 
dear the author’s mode of treatment. The first chapter presents the more 
familiar aspects of the subject, though even this is stamped with the author’s 
individuality. The second chapter develops the theory of Abelian integrals 
by the methods of potential theory, and introduces the uniformising func- 
tions, which are used extensively in the development of the properties of the 
integrals. The theorem of Abel and related topics form the subject of the 
next chapter, while the fourth is devoted to the properties of multiply-periodic 
functions. The final chapter is concerned with a variety of more special 
topics. Thus an account of Hurwitz’s theory of correspondences is included, 
and we are shown how to deduce the properties of the bitangents of a quartic 
curve by means of sextuply-periodic theta functions. 

It will thus be seen that Professor Osgood has given us a much more com- 
prehensive study of algebraic functions than is usual in a general work on 
the theory of functions. We can recommend it without hesitation to all 
who wish to study the subject at any length, and such people will find it well 
worth while to go to the trouble of acquainting themselves with the more 

ral theory assumed from previous volumes of the treatise. On the other 
, it is just possible that the general reader will feel that rather much space 

has been devoted to what is a particular branch of general function ee 
W. V. D. H. 


Anschauliche Geometrie. By D. Hitzert and S. Conn-VossEn. Pp. viii, 
310. Geh. RM. 24. Geb. RM. 25.80. 1932. Grundlehren der mathematischen 
Wissenschaften, 37. (Springer, Berlin) 

This remarkable book, which is the 37th volume in the well-known yellow- 


covered series, comes as a grateful gesture from Hilbert, who is one of the 
most eminent of mathematicians, and from his collaborator who has borne 
the brunt of editing the subject-matter right worthily. Here, at a ripe stage 
in a career of outstanding achievement, a prince of analysts and logicians 
has been content to lay aside all intricacy and yet deal with high matters of 
geometry, often in the most elementary way, and always with a direct appeal 
to the reader’s intuition. The emphasis in geometry, just as in any other part 
of mathematics, may be laid upon the logic of the argument, and proceed 
from abstraction to abstraction: or, again, it may be laid upon the quality 
of the subject-matter itself. In the latter case the mathematician has become 
an artist and seeks only to present his facts with vividness and charm. 

It is undeniable that the great advances made.from time to time in geo- 
metry, throughout a long history, have been prompted by a strict adherence to 
a logical path, or by the introduction of methods and of symbols which have 
soon passed far away from the geometrical figures in which they originated. 
So impressive has been this progress that it is now quite common for mathe- 
maticians to disparage all models and figures, notwithstanding their help to 
&@ proper appreciation of geometry. Indeed, there have been geometers, and 
very great geometers, who have prided themselves on the absence of diagrams 
from their pages. To adopt this attitude is to deprive one’s self of an essential 
tool. Figures are part of the notation of geometry, just as much as words, 
numerals and single letters: and the figure is very often the most impressive 
of them all. Vividness is needed, especially as mathematics is ever becoming 
more and more intricate, so that every help, no matter how small, to the better 
understanding of an argument is welcome. 

For these reasons one turns with considerable interest to a work which is 
& veritable geometrical anthology. Upon its 302 pages there are over 330 
diagrams: and every figure tells a story. They are well contrived, not only 
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for their propriety in illuminating the logical argument, but also for their 
technical Skill of pat This fe particularly true of those which represent 
metrical models in three dimensions. A receding line is usually indicated 
y a tapering rod, or else by a line of graduated thickness, leaving the on. 
looker in no doubt as to what belongs to the front and what to the back of the 
— Thus the inevitable ambiguity attendant upon the conventional 
P drawing of a solid geometrical figure has by these craftsmen been all 
ut annihilated. In the chapter on topology some of the diagrams are not s0 
much elegant as bizarre, much as if a Bateman or Fougasse whimsically 
directed his attention to depicting in a sequence of miniatures the life 
of a multiply-connected surface. Perhaps the most remarkable is the umbrella 
handle on p. 272, which on further scrutiny turns out to be a closed one-sided 
surface. It is such that any two points on either side of the membrane can 
be connected by a path, of continuous curvature, lying entirely upon the 
surface. It is well known that a one-sided surface can be formed by making 
a ring out of a long rectangular strip of paper, having already given the paper 
one complete twist before joining its ends. But in such a case the resulting 
figure is not a closed surface: nor is it complete. 

The opening chapter deals with radial properties of the circle and focal 
properties of conic sections, leading by easy stages to the sectional and con- 
focal properties of quadric surfaces. Two particular examples may be quoted: 
let there be fixed smooth wires in the shape of an ellipse and a hyperbola in 
perpendicular planes, such that the foci of either curve coincide with the 
extremities of the focal axis of the other. (Such curves form the skeleton of 
a confocal system.) Now let a string of fixed length connect the focus S, of the 
hyperbola with the far focus F, of the ellipse. Let the string thread a ring B 
which is now to be manipulated in such wise that the string is kept taut. If 
the string is constrained to be in contact with the hyperbolic wire between B 
and S,, and with the elliptic wire between B and F,, then the locus of B is an 
ellipsoid. This is an interesting generalisation of the well-known focal property 
of a plane ellipse. 

The second is a beautiful but not too well-known property of a ruled 
hyperboloid. Let the double sets of generators be represented by a number 
of straight wires fitted with universal joints at each point of intersection, so 
that the length upon each wire between joint and joint is fixed. It is thena 
fact that the framework has, within itself, one degree of freedom however 
many wires there be (three or more for each system of generators). The 
framework may. be flattened out and represent the tangents to an ellipse, two 
wires to a tangent, or again be flattened out and represent the tangents tos 
hyperbola. If the centre and the orientation of the principal axes are kept 
constant, then all these surfaces form a confocal system. 

The second chapter deals with lattices of points, and with such questions 
as concern the poe co of equal circular discs within a given area. It contains 
an amazing proof of the Gregory-Leibniz formula 

T PS de 

ai 375 on 9 
derived by counting the number of lattice points within a circle in two dif- 
ferent ways. It involves the solution in integers of the equation 2? +y4*=n, 
where » is an integer not exceeding the square of the radius. There follows 
a@ famous theorem of Minkowski, and then the extension of the theorem to 
lattices and packings in three dimensions. The question not only of the 
densest but also of the scantiest ing—consistent with actual contact— 
of a system of spheres is doeeninte: and one learns with surprise that this 
question of scantiest packing still awaits a final solution. This leads naturally 
to the geometry of crystals and of chemical molecules, to the theory of repeated 
patterns, groups and the regular solids. 
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Chapter 3 is devoted to configurations depending upon points and lines— 
s0 many lines being prescribed to pass through each point, and so many 

ints to lie on each line, with allusions to Pappus, Desargues, Pascal, and 
Reve configurations, and concluding with a wonderfully depicted Anschauung 
of the celebrated double-six of Schlafli. A terrifying figure (p. 147) resolves 
itself into twelve rods, in double-six formation, each rod being met by exactly 
five others, the twelve lying by pairs in the six faces of a cube. 

Chapter 4, on differential geometry, frees an interesting subject from the 
shackles of analysis, thereby showing that the sculptor, the mountaineer and 
the blower of soap bubbles, as well as the tensor analyst, may have something 
interesting to reveal on the subject. Probably every geometer has at some 
time or other noticed that a soft hat is a useful vehicle for a lesson in synclastic 
and anticlastic surfaces, the hat band doing duty for the parabolic line, which 
severs the one region from the other. But surely few have followed Klein by 
daring to score the parabolic line upon the surface of the bust of the Apollo 
Belvedere (p. 175), remarking—what is probably perfectly true—that the 
greater the ramifications of the bolic line, the greater is the art of the 
sculptor! The parabolic line is the natural illustration of a cusp locus in the 
theory of differential equations, the cusp occurring on each asymptotic line as 
it reaches, but is forbidden to cross, the parabolic line. Usually the asymp- 
totic lines form a doubly-infinite network roughly analogous to the lines of 
curvature: and just as the latter take on singular properties at an umbilic, 
so do the former at such places as triple mountain passes (p. 169). (Esk 
Hause, in Cumberland, provides a convenient example of prt is for this 


mathematical phenomenon.) The way that a soap bubble evades all the 
difficulties of the calculus of variations is well known: how it rises to the 
oecasion and creates a minimal surface fitting to any given closed boundary. 
There follow several passages dealing with a sphere originally endowed with 
eleven characteristic properties. One by one these properties are isolated, 


and the authors conjure strange shapes from the sphere shorn of all but one 
or another of these properties. This leads naturally to the consideration of 
curvature, stereographic projection, and non-Euclidean geometry : and here 
the logical author of the Grundlagen der Geometrie is a little more in evidence. 

Chapter 5 deals with kinematics, and the geometry of the engineer, which 
lends itself much more obviously to Anschawung, one pleasing illustration 
being that of two cog-wheels shaped like hyperboloids of revolution whereby 
power may be transferred from one to another axis of rotation skew-wise, by 
means of interlocking generators. 

The concluding chapter 6 is a masterly introduction to topology, starting 
with the well-known theorem of Euler for a simple polyhedron containing 
A corners, B edges and C faces, namely that A, B, C satisfy the relation 


A-B+C=z2. 


There is a reference to Poincaré’s interesting generalisation to n dimensions, 
namely that A-B+C ... to n terms=1 +(-—1)", (n=2, 3, ...), where K, the 
kth term, gives the number of (k —1)-fold linear elements of the generalised 
polyhedron. Certain difficult concepts of multiply-connected surfaces are 
explained ; and the chapter concludes with a description of the four-colour 
problem. Map-makers have long been aware that, in order to colour the 
districts of a map unambiguously, four, and not more than four, colours are 
needed. Palpable as this appears to be—an excellent example of the thesis 
of the book—no one has yet produced a strictly logical proof, although many 
have tried to do so. (Perhaps the latest claim to a proof, announced at the 
recent International Congress at Ziirich, 1932, may turn out to be successful.) 

The book will make a very wide appeal, not only to experts in all branches 
of pure mathematics, providing as it does a genial connecting link between 
almost all the maze-like ramifications of the subject ; but also to many others 
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who at school or later have felt something of the fascination that geometry 
ever exercises over the human mind. H. W. Turnputs, 


Einleitung in die héhere Geometrie. By L. BresEerBacu. Pp. viii, 128, 
RM. 6.40. 1933. Teubners mathematische Leitfiden, 39. (Teubner) 


In this fourth geometrical booklet, Prof. Bieberbach shows again the com- 
bination of logical accuracy, ease of style, and breadth of outlook, which we 
expect from him. The first chapter, occupying a third of the work, is an 
answer to the question “ What is a geometry ?”’. The relation of Desargues’ 
theorem to commutative multiplication is well explained, but in view of the 
attention paid to this matter in the first volume of Baker’s Principles 
Geometry, which appeared in 1922, it is surprising that Prof. Bieber 
thought he was breaking fresh ground. The coordinating principle of the 
rest of the book is Hesse’s association of the coordinates of a point with the 
coefficients of a quantic and so with a group of points or with a figure obtained 
by equating the quantic to zero. Thus the point (u, v, w) is associated with 
the quadratic form uA?+vAp+wy?*, and this again with the point-pair deter- 
mined by the equation wA?+vAy+wy?=0 on any graduated curve. In 
opening the principle Prof. Bieberbach makes a delightful application to 
d’Ocagne’s first nomogram for a quadratic equation, but the more serious 
applications are to line geometry as the geometry of a special quadric in five- 
dimensional projective space, and to tetracyclic and pentacyclic coordinates 
for the study of circles and cycles in the plane. Following Klein, Prof. Bieber. 
bach emphasises throughout the relation of each geometry to a group of 
transformations, and the logical equivalence of isomorphic geometries. A 
short concluding chapter deals with measurement in projective geometry. 

E. 


H, N. 


Legons d’Analyse Vectorielle. I. By G. Juvet. Pp. 120. Fr. suisses 8, 
1933. (Rouge ; Gauthier- Villars) 

In his preface, Prof. Juvet excuses the writing of a new text-book on vector 
analysis on the ground that whereas there are excellent accounts of vector 
algebra and of the applications to differential geometry, the various accounts 
of the differential operators of scalar and vector fields are unsatisfactory : 
some are too difficult, some refer so much to physics as to obscure the mathe- 
matical reality, some have a cartesian basis. With all this I agree, — 
only that the parts of his book which he thinks superfluous are nnd» too 
written for any apology to be necessary. The algebra is concise and com- 
prehensive, and I do not know a better treatment of the elementary theory 
of curves and surfaces in a few pages. 

Prof. Juvet goes on to claim that his discussion of fields is both independent 
of physical considerations and in the true spirit of the founders of vector 
calculus “ grace & une définition peu connue des opérateurs différentiels, ... 
donnée pour la premiére fois, nous semble-t-il, par M. von Ignatowsky, dans 
sa Vektoranalysis”’, and reading this I turned first with curiosity to Prof, 
Juvet’s later pages and then with incredulity to my shelves. “ Little known”, 
perhaps, but if there is in Lausanne a copy of Joly’s noble edition of Hamilton's 
Elements of Quaternions, may I ask Prof. Juvet to look at vol. 2 (1901), 
p- 438, §15? The definition is by means of the limit of the quotient of a 
surface integral by the volume enclosed. Naturally Prof. Juvet is careful to 
say that the definition is effective only if the limit exists independently of the 
manner in which the surface shrinks. Evaluation by means of elementary 
surfaces of some special form does nothing to establish the existence of a limit 
independent of this form, and Prof. Juvet gives us, I think, no reason for 
Reteving in the existence of a ient or a curl even for the simplest functions 
imaginable. In this he resembles the majority of writers on the subject, but 
that is precisely what we do not expect him to do. E. H.N. 
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Vector Analysis. By H. B. Pumiies. Pp. viii, 236. 15s. 6d. 1933. 
(Wiley ; Chapman & Hall) 

This book is full of i, j, k. Between the mathematicians to whom this is 
an utter condemnation and those to whom it is evidence that vectors are 
being kept in their or ry P no agreement is ible. To the first class 
nothing more can be said. The second will find the book, after the first chapter, 
very good indeed. The beginning is not wholly bad, but there is the common 
failure to remark that the construction for A+B introduces an arbitrary 
initia! point of which the sum must be shown to be independent, and no one 
should be content to prove the fundamental formula for U(UAB)C only by 
a verification which leaves the discovery of the formula a sheer mystery ; 
admittedly this is the one tiresome formula in vector algebra, but somehow or 
other it should be found. 

Chapters 2 and 3 deal with partial differentiation and with integration, 
chapter 4 introduces general coordinates, first in space and then on a surface, 
and chapter 5 describes irrotational and solenoidal fields. The remaining 
chapters are on electrostatic fields, harmonic functions, scalar and vector 
potentials, retarded potentials, and linear vector functions. The proofs of 
such theorems as that of Stokes are clear, and the considerations of continuit 
and of the problems of convergence of potential functions at points at whic 
the density is not zero are unusually careful. There is no pretence that the 
material is original, but the style is excellent, and the book should fulfil 
admirably the expressed object of presenting vector analysis in the form that 
is required for work in theoretical electricity and hydrodynamics ; there is 
no hint that the limitation im is a serious one, and that vectors have 
other uses, for example in differential geometry and in rigid dynamics, nor 


except for a few references to Kellogg’s Potential Theory is there any — 
for further study. -HN 


University Studies. Cambridge 1933. Edited by H. Wricut. Pp. xii, 
294. 10s. 6d. 1933. (Ivor Nicholson & Watson) 

The purpose of this collection of nine independent essays is to convey in 
language intelligible to any educated reader a glimpse of the wr the 


ty at 

Cambridge in nine different fields. Writing on classics, Mr. Hallward adds a 
six-page bibliography of books written there since 1919. Mr. Balfour and Mr. 
Newman give essays, one on the essential nature of history and the aims of 
the historian, the other on the change from constructive to axiomatic methods 
of establishing mathematical theories, which are in no sense localised. Be- 
tween these extremes are chapters which achieve perfectly the editor’s object 
for philosophy, cmpeieeial physics, chemistry, physiology, biology, and 
English literature. Dr. Snow is careful to point out that the term “‘ Cambridge 
chemistry ”’ is an artificial one ; the incidence of stress on results in a par- 
ticular corner of the field is accidental, nor is work at one place inde t 
of work elsewhere. ‘‘ When university rivalry becomes anything more than 
-humoured (if regrettably humourless) banter, it becomes at once a 
rand asign. A danger, for it obstructs the free purposes of science. A 

sign that the omy who take the rivalry seriously are not adult human 
beings.” A subject is not important because it is studied at Cambridge, but 
remembering that at the high table at Trinity alone there are eight Nobel 
laureates, we may say that perhaps a subject is studied at Cambridge because 
it is important, and then we shall } be prepared to find that this book is not a 
record of trivialities. 
If, rather than fail at the impossible task of translating into prose the 
analysis to which Cambridge, as represented by Hardy, Littlewood, and 
Ramanujan, has contributed most prominently of recent years, Mr. Newman 
has ignored the general purpose of the volume, his chapter is justified by its 
intrinsic interest. His description of the development of constructive criticism 
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from vague misgivings about “ consecutive points” to the logical edifice of 
Principia Mathematica, to Klein’s Erlanger Programm in geometry, to the 
pluralisation of the word “ algebra”’, and to topology, is written with admir. 
able simplicity, and is fascinating. To the Sr is as such, Mr, 
Braithwaite’s brilliant account of the progress of philosophical studies in 
Cambridge since the war will appeal also, for “in 1919 and for the next few 
years philosophic thought in Cambridge was dominated by the work of 
Bertrand Russell”, and when we are led from Russell to Moore, to Keynes, to 
Johnson, and to Wittgenstein, the atmosphere is still that in which a mathe- 
matician breathes easily. 
For the rest of the book the mathematician is the general reader, but his 
ig phe peta to be diminished, and will rise to a climax as he follows 
. Lucas’s poten Mes chapter through a careful criticism of Dr. Richards 
and a devastatingly witty use of the egregious Dr. Leavis to two pages from 
which we must quote. First a cry that will come home to us all. ‘“‘ The whole 
lecture-system seems to me an antiquated abomination. Printing has been 
invented for nearly five centuries. Yet still, as in the Middle Ages, ill heard, 
ill attended to, ill understood, and ill recorded in notes that will never be read, 
the voice of the lecturer drones on. To doze through two or three hours of 
lectures may be grateful to the indolent conscience that calls it a morning’s 
work; the gregarious excitement involved may please some thwarted 
religious instincts ; but as a means of conveying information I know nothing 
more hopelessly primitive.” And fittingly to conclude the volume, in words 
ang ae with but little pions, to the aims of other studies than his own, 
. Lucas is not afraid to speak of a theme not to be “ glibly chattered of in 
daily lectures”. He quotes from Sainte-Beuve: ‘ Les études positives et 
sévéres sont la base de tout. Acquérez le solide.... Mais a cété, mais au- 
dessus, laissez place 4 un peu de fantaisie, si elle veut naitre—a la flamme sur 
le front d’Iule—non pas sur le front seulement, mais dans le cceur.” And he 
adds: “The flame of Iulus—the flame on the forehead of youth, with its 
promise for the future amid the fall of the old Troy ; the flame of vision, not 
of conflict ; a flame that gave light, but not heat; that shone, but did not 
burn. Whatever his faults, whatever his duplicities, Sainte-Beuve had his 
touch of greatness the day he uttered those words, with a ring in them of that 
‘nobility ’ which modern literature and modern criticism are for the most 
part so pitiably ashamed to mention, but without some sense of which litera- 
ture can neither be learnt, nor taught, nor written to endure.” 
It will be understood, I think, that this book should be in every common- 
room—chained securely to the wall. E. H. N. 


Punktion und graphische Darstellung. By W. Lierzmann. Pp. 190. 
Geh. RM. 4.50. Geb. RM. 6. 1925. (Hirt, Breslau) 


This is another of the mathematical books issued by the firm of Hirt, of 
which two were reviewed in the May (1933) Gazette, and is by the author of one 
of them (Lustiges und Merkwiirdiges von Zahlen und Formen). It is, according 
to the preface, an attempt to answer the question so often put by the non- 
mathematical who are aware of recent reform in mathematical teachi 
“* What is this ‘ function-concept’, which you say should permeate the who! 
of school mathematics ?”’. As the title shows, the author adopts the graphical 
approach, and he has written an attractive and readable introduction to the 
ides of a function. Starting from the plotting of “‘ empirical ” functions, such 
as a temperature graph, and of statistics, he goes via linear and algebraic 
functions (mainly sabe and roots) to exponential, logarithmic, and periodic 
functions, with a chapter on functional scales, leading to the slide-rule 
and nom ae route is = rrsvage beet the author traverses it with me 
eyes open for interesting things that lie by the wayside. The examples 
are mostly of some practical significance, and as a collection of these, both 
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suggestive and useful, the book should be of value to teachers. But it is more 
than an introduction to graphs, and contains en passant a gradual develop- 
ment of such ideas as continuity, and the number concept. The remarks on 
irrational numbers scattered through the book are sepectally noteworthy ; 
they bring out very clearly, and by means of the simplest and most natural 
examples, the essential differences between rational and irrational numbers. 
Not only as a mine of examples of graphs, but also as a guide to their use in 
developing the function concept, and other ideas of mathematical importance, 
this book can be recommended to teachers. So far as the present writer is 
aware, there is nothing quite like it in English. Is it also too much to hope 
that, in schools where the second language is German, such a book might with 
dual advantage find its way into the hands of some of the pupils ? . G. B, 


Interpolation und genaherte Quadratur. By G. Kowalewski. Pp. v, 146. 
RM. 9.60. 1932. (Teubner) 

This is a small book, less than 150 pages and not much more than pocket 
size, but it is remarkably rich in its contents. Its aim, according to the sub- 
title, is towards amplifying the necessarily curtailed treatment which inter- 
polation and approximate quadrature receive in most text-books on the 
infinitesimal calculus. Actually it achieves more ; it is a fresh and in many 
ways original monograph linking together the three related topics of inter- 
polation by the formulae of Lagrange and Newton, quadrature by formulae 
| nears type and summation by formulae of Euler-Maclaurin and 

le type. 

In the first of its four chapters, Newton’s divided.difference formula is 
treated in full detail, especially the case, which can be considered either as a 
limiting case or as an extension, in which the data are the values of the func- 
tion and some of its derivatives for several different values of x. Here, as 
everywhere in the book, the exposition is clear and concise, yet not of such 
brevity as to preclude interesting digressions and casual comments, in which 
matrices and even integral equations with symmetric nuclei make their 
appearance. Passages like these have the peculiarly agreeable quality of 
novelty soon accepted as naturalness. 

The other chapters deal with the better known of the Newton-Cotes formulae, 
the Bernoulli and Euler polynomials, and the Boole and Euler-Maclaurin 
summation formulae. The feature of the book is the thoroughness, never 
degenerating into pedantry, with which remainder terms are treated. Most 
of the familiar forms, with which Professor Steffensen’s work has made us 
acquainted, are here, but there are also as many new forms, obtained in new 
ways. The “ Three Eighths” rule has occasionally been treated with con- 
descension ; here it receives respect and even affection, being referred to as 
_—e Lieblingsformel,” and provided with new forms for the remainder 


The Euler-Maclaurin expansion, and Boole’s expansion, which bears to the 
operator » and the Euler polynomials the same relation as the Euler-Maclaurin 
formula does to A and the Bernoulli polynomials, receive full discussion ; and 
there is added a “‘ mixed” summation formula which is without doubt original. 

Altogether it is a most interesting and stimulating book, the only occasion 
for regret being the paucity of references to the work of other writers on these 
topics. It is certainly a book to be possessed by all who have an interest in 
the theoretical side of interpolation and numerical integration. A.C, A. 


Tafeln fiir die Differenzenrechnung sowie fiir die Hyperbel-, Besselschen, 
elliptischen und anderen Funktionen. By K. Hayasui. Pp. vi, 66. RM. 12. 
1933. (Springer) 

This is the fifth extensive table produced by Hayashi during the last seven 
years. Generally speaking, they contain values, to a large number of decimals, 
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of functions required in higher mathematical analysis. The volume before us 
contains an extended series of specialised interpolation tavles, which are never 
likely to be of general use. Other tables give values of e"*, e~ **, sinh rz, 
cosh rz, the Bessel functions Y, and Y,.to 10 decimals for x = 16-00 (0-01)25-51 
(i.e. beyond Watson’s range), the complete elliptic integral Z to 10 decimals for 
k? =0-000(0-001 1-000, z* and 2® for x =1(1)1000, x" and 2!” for x=1(1)100. 

The present writer has, on various occasions, drawn attention to the un- 
usually high percentage of gross errors in Hayashi’s works, for instance in his 
Sieben- und mehrstellige Tafeln (1926), which is known to contain over 1000 
errors in the 50,000 or so values examined, i.e. approximately one entry in 50 
is incorrect. The results of a partial examination of the volume under review 
and of Tafeln der Besselschen, Theta-, Kugel- und anderer Funktionen (1930) 
are as follows : 





Function No. of values 


Percentage 
examined 


No. of errors of errors 





k (square root) - - 2000 37* 1-8 
e*””, sinh rz, cosh rx 400 5 1-2 
J, and J, - - - 2000 22 1-1 

2 - - - 300 15 5-0 

TX 
PytePes i a3h.8 800 5 0-6 
) Game - - - 1000 5 0-5 
yeas - - - 1000 5 0-5 
x, 25, 2,28 - - 2200 9 0-4 
Y,andY, - -| 1900 20 1-0 














TOTAL - - 11600 123 1-1 





These figures speak for themselves. Judged by modern standards, the per- 
centage of errors is about 100 times as great as might be expected in a table 
on which reasonable care had been exercised. It should be remarked that the 
above list is not composed of cases in which the last figure is in error by a 
unit, such cases being, as it happens, rare. From the nature of the errors it is 
evident that they are, in general, computing or copying errors, which could 
easily have been found by differencing. In the table of square roots there 
are cases where different sequences of figures are given for Vz and V100z. 


J.C. 


Natural Trigonometric Functions, to seven decimal places, for every 
ten seconds of arc, together with miscellaneous tables. By H. C. Ivzs. 
Pp. 329. 54s. 1931. (New York, John Wiley & Sons; London, Chapman 
and Hall) 

In the first place there was no need whatsoever for the publication of this 
work. Natural sines and cosines to seven decimal places for every ten seconds 
of arc had previously been published, from the same original sources, by 
Jurisch, Jo! Neill (N.Z. Department of Lands and Survey), Brandenb 
and Benson, the two latter giving tangents and cotangents as well. To pl 
ignorance of other existing tables would be to acknowledge unfitness for the 
task of producing tables, while to publish non-original tables, knowing that 


* Excluding 10 omissions, which should properly be classified as errors. 
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they contained the same figures as tables already in existence, would, unless 
some improvement in accuracy, presentation or typography could be claimed, 
seem contrary to scientific spirit. 

The reservation above cannot be claimed. The tables are not accurate; a 
critical examination of the main trigonometrical table has revealed more 
than 50 errors, 7 of which are gross. The typography is poor, due to the use 
of modern face (equal height) figures instead of old style (head and tail) 
figures, which are now employed in the best tabular productions. The press 
work is faulty, as is shown by the fact that in four cases figures have dropped 
out. 

The source of the figures is carefully concealed. The statement in the preface 
that “all quantities... were checked by fifteen place tables” misled the 
reviewer at first into thinking that they were taken from Andoyer. But the 
internal evidence afforded by the errors makes it clear that the tables are 
based (without acknowledgment) on the works of Rheticus and Pitiscus. In 
the face of this it is difficult to see how any court of law could uphold the 
publisher’s statement, ‘‘ This book or any part thereof must not be reproduced 
in any form without the written permission of the publisher”’. 

The treatment of the cotangents of small angles calls for further unfavour- 
able comment. 7 and sometimes 8 significant fi are given throughout, 
so that the differences are hopelessly unmanageable. Proportional parts are 
omitted at first, and then useless tables for numbers like 120,000, 110,000, 
100,000, etc., are introduced. Brandenburg’s policy of an auxiliary table at 
interval 1” up to 6° is much more helpful. 

At the price of £2 14s. Od. the book can hardly be recommended. Branden- 
burg is less costly and more accurate. L. J.C. 


An Introduction to the Calculus for Science Students. By G. Van 
PraaGH, with an introduction by Professor E. K. Rideal. Pp. ix, 92. 
2s. 6d. 1933. (Macmillan) 


This little monograph is addressed to science students who wish to under- 
stand the main principles of the calculus and their application to physics and 
physico-chemical problems. The author aims at making the mathematics 
simple, hence unnecessary theoretical discussion is omitted. 

Two important questions at once arise; first, should science students be 
mathematically ‘‘ spoon-fed’’?? and second, can mathematics be made 
simple ? Undoubtedly it is unnecessary for a student specialising in science 
to study mathematics with all the rigour of modern analysis, but he must 
have an intelligent grasp of fundamental principles, and he must know the 
essential limitations which surround the assumptions he accepts without 
proof. And herein lies the rock upon which rests any alleged simplification 
of mathematics. It would indeed be instructive to pursue a consideration of 
these important matters further, but such a discussion in a brief review would 
be a digression. 

Turning therefore to the book under notice, Dr. Van Praagh has certainly 
carried out his aim in an attractive manner which should appeal to the student 
a There are, however, several points to which attention should be 

irected. 

To begin with, the discussion of limits on pp. 5-6 is neither very clear nor 
very satisfactory. What, for instance, is the reader to understand by the 
statement: ‘‘ The limit of the function (3%+2)/(z+1) as x is made smaller is 
2”? (Our italics.) 

Then, again, there seems to be a defect in logical sequence when the rules 
for differentiating a product and a function of a function are used (pp. 11-12) 
before these rules are established, a few pages further on. 

Finally, there are several errors needing correction. For instance, on p. 8 
the word slope is used for gradient ; the acceleration a in (1) on p. 17 is constant, 
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though this is not stated, and in the exponential series on p. 24 the constant 
is assumed to be unity without comment. Incorrect signs are also given on 
p. 35 (top line), p. 43 (12th line), p. 55 (3rd and 4th lines from bottom), and 
on p. 92 (answer to No. 12); whilst misprints occur on p. 36, Or for OR, p. 69, 
q/a for q/x, omission of ¢ on p. 84 (15th line) ; answers to No. 9, Chap. II, and 
No. 2, Chap. VI are also incorrectly stated. F. G. W. B. 


Ueben den Ursprung der Tatsache die dem grossen Fermat’schen 
Theorem zugrunde liegt. By H. W. Bruns. Pp. 15. No price stated. 
1933. (Wepf, Basel) 

Fermat’s Theorem states that the equation a" +b"=c" is not soluble in 
integers if n is an integer greater than 2. The argument given here carries 
conviction until the last page, but there it fails. It may be possible to prove 
the last statements, but the author has not done so. G. K. 8. 


An attempted proof of Permat’s Last Theorem by a new method. By 
C. M. WatsH. Pp. 40. $1.00. 1932. (Stechert, New York) 

There are forty pages of this book, of which the first twenty-one embody 
the attempted proof. The “ new method ” is to use odd numbers instead of 
primes, because “ prime numbers form the most intractable class in all the 
theory of numbers, while odd numbers... form the simplest”. The “at- 
tempted proof ”’ lies in showing that certain substitutions give solutions when 
n is | or 2, but fail to give anything but the original equation when n > 3. 

G. K. 8. 


The Child’s first Number Book. The Child’s second Number Book. 
The Child’s third Number Book. Pp. 32 each. Paper 6d., limp cloth 
8d. each. Teacher’s Book. Pp. 47. Limp cloth 2s. By P. B. Batarp. 
1933. (University of London Press) 


These books form a useful series. The exercises are straightforward, and 
cover the ground required. The print is good. They form an excellent bridge 
between number apparatus and individual book work. 

In my opinion Book I is more useful in card form. The inner covers of 
Book II would be better left blank than filled with the tables which appear 
unnecessarily. Book III is well graded, gives ample practice in each rule, and 
is a good preparation for Fundamental Arithmetic Book I. 


Century Sum Books. By A. Wispom. I A,IB; IL A, IIB. Pp. 48 each. 
Paper 7d., limp cloth 8d. each. 1933. (University of London Press) 

This series is too elementary in character for the average child of six, seven 
and eight years. The exercises would do well for mental arithmetic, but are 
not sufficiently advanced for written work and class teaching. OC. E. O. B. 


Teorfa de los algoritmos lineales de convergencia y de sumacién. By 
J. Rey Pastor. Pp. 174. 5 piastres. 1931. (Imprenta de la Universidad, 
Buenos Aires) 

The theory of the summation of non-convergent series is a fascinating 
domain of analysis ; although its full flavour cannot be discovered without a 
respectable acquaintance with the ideas of analytic continuation, many of its 
results can be followed and appreciated by anyone possessing a firm grasp of 
the concepts of sequences and their limits, with the relevant technique. A 
simple—though not trivial—example is the method of successive means, which, 
since it is the only method of those quoted by Professor Rey Pastor not yet 
named after a mathematician, might perhaps be called Newton’s.* Given 4 


* Letter to Oldenburg, 24th October, 1676. 
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sequence {s,}, we can form a new sequence in which the rth term is } (8, + 8,,,) ; 
whenever the old sequence tends to a limit, the new one tends to the same 
limit. But the new one may tend to a limit when the old one does not; in this 
case the limit of the new sequence is called the generalised limit by successive 
means or, more shortly, the limit (M) of the old sequence. Thus the sequence 
1,0, 1, 0, ... oscillates, but the sequence of means is }, }, 3, }, ... with the limit }. 

All the important summation methods are such that the general term of the 
new sequence is a linear combination of some or all of the terms of the old one ; 
the process is then called a linear convergence process. Professor Rey Pastor 
has written a valuable monograph collecting and discussing the main linear 
algorithms and their properties in a systematic fashion. Of the eight chapters, 
the first and the last are written from the functional point of view ; the other 
six deal with the “ arithmetic ” side. To be useful, a convergence process when 
applied to a convergent series must produce the ordinary sum of that series ; 
this is the consistency requirement: further, of course, there must exist at 
least some non-convergent series which it will sum. Chapter II establishes 
the necessary and sufficient conditions for consistency. In the following 
chapters the main methods—Cesaro-Hélder, Abel, Borel, Euler, ...,—are 
studied in detail, theoretical points being illustrated by ingenious examples. 
Since the analogy between series and integrals is a close one, a measure of 
completeness is attained without undue tedium by setting out dual results in 
parallel columns and giving a proof—elegant and concise as a rule—for one case 
or the other. The author is to be congratulated on the skill with which he has 
contrived to collect so much both of the known theory and of his own 
researches into 180 pages without sacrificing lucidity of exposition or illus- 
trative material. 

It is no part of the author’s plan to give full references ; but the few that 
occur are too vague. No one with any previous knowledge of the subject will 
be puzzled by the airy indication on p. 68 to “‘ la clasica memoria de Chapman,” 
and the journal referred to on p. 40 as ““ PML” is fairly easy to recognise; but 
we feel that ‘“‘AW” (p. 30) is too condensed for the Nieww Archief voor 
Wiskunde. T. A. A. B. 


Some Great Mathematicians of the Nineteenth Century : their Lives and 
their Works: I. By G. Prasap. Pp. xv, 347. RM.6. 1933. (Benares 
Mathematical Society ; K. F. Koehlers Antiquarium, Leipzig) 

Professor Prasad has not attempted the enormously difficult and almost 
impossible task of writing a history of mathematics in the nineteenth century. 
His first volume deals with six outstanding fi , his second will consider 
ten others of importance, and in the third and final volume he will write of 
some of the great living mathematicians. The general plan is admirable, and 
in spite of some defects the book is an inspiring one to place in the hands of a 
young mathematician. 

Gauss, Cauchy, Abel, Jacobi, Weierstrass, Riemann—these are to Professor 
Prasad the six greatest mathematicians of last century. We may ask, “‘ What 
of Poincaré ?”’, but he could only be added, even he could not displace any 
one of these six. We must remember, too, that, though the author does not 
Bay so, he undoubtedly is chiefly interested in pure mathematics. He may 
mention dynamics or astronomy, but his main interest is in analysis and 
geometry. 

Gauss is the author’s real hero. And indeed Gauss is the W. G. Grace of 
modern mathematics. He had faults, as Grace had, but he must always stand 
as a gigantic, almost mythical, genius. While he was alive, his ultra-synthetic 
exposition, his habit of secreting his discoveries, his rather discourteous treat- 
ment of some younger men of whom Abel was one, must have detracted from 
his fame. To-day these failings can be forgotten ; Gauss is “‘ mathematicorum 
princeps ”’. 
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Abel and Riemann are truly tragic figures. But there is a certain comic 
relief in Cauchy’s pathetic devotion to the restored and re-exiled Bourbons; © 
apparently his sympathy was never stirred bya fact he must surely have known, - 
that the Orleanist usurper, Louis Phillippe, had once been reduced to teaching 
mathematics for a living. Those to whom Weierstrass is a shadowy figure 
befogged by functions and epsilons, will learn with interest that he left Bonn— 
rather hurriedly—with a reputation for hard drinking and unconquerable — 
fencing, and spent several years in country schools teaching, along with ele 
mentary mathematics, such subjects as geography and handwriting. 

On the early history of elliptic functions, Professor Prasad collects and 
reviews much interesting information. But in his _Summing- up, he is surely 
less than fair to Jacobi. He asks three questions : ‘‘ (i) Who was the discoverer 
of the elliptic functions? (ii) Who introduced the elliptic functions into 
analysis ? (iii) What was Jacobi’s share in the development of the theory of 
elliptic functions ?”’ His answer to (i) is, of course, Gauss, and to (ii), Abel, 
beating Jacobi by a short head ; he does not accept the theory that Jacobi 
obtained his results by using Abel’s work without acknowledgment. His 
answer to (iii) is “‘ After the elliptic functions had been discovered by Gauss — 
and introduced into analysis by Abel, Jacobi did more than any one else to 
develop the theory”. In his anxiety to do justice to Gauss, the author is here 
giving Jacobi less than his due. True, Gauss discovered the elliptic functions — 
years before Abel or Jacobi did, but he kept his discovery to himself. Jacobi, — 
within two years of his own first discoveries, had written and published the 
Fundamenta Nova ; by this marvellous book, Jacobi did as much as Abel and far © 
more than Gauss to make known to mathematicians a vast new world of ideas. — 

Professor Prasad has consulted a large number of authorities, and has wisely 
relied a great deal on Klein’s Entwicklung der Mathematik im 19. Jahrhundert, — 
His method is to sketch the life of his subject, interweaving external events — 
and mental progress as much as possible, giving a list of the most important — 
publications, and adding summaries of some of these. The printing is poor, — 
and in spite of the three pages of errata, a number still remain uncorrected ; 4 
fortunately these are generally spelling ‘mistakes and, though irritating, are — 
not disastrous. The English, particularly in the translation of quotations, is— ~ 
no doubt excusably—very stilted. That the book remains entertaining and : 
useful in the face of these defects, is a measure of the enthusiasm and devotidl > 
of the author. T. A. A. Be 


Die Dreiteilung des Winkels. By W. Brempensacu. Pp. iv, 38. RM. 1.20, 
1933. Mathematisch-Physikalische Bibliothek, Reihe I, Band 78. (Teuhesa ; 
An excellent account in small compass of the famous problem of trisecti 
an angie, giving a proof that a euclidean construction is impossible in ge’ 


and descriptions of trisections by special curves and instruments, devices ‘ 
mainly designed to solve problems known to the Greeks as vedoe:s (verging 
Some euclidean approximations are given and compared. 
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